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1 Introduction 



In this paper we deliver the necessary techniques and proofs for the results discussed in our companion paper |2()j . 
There a consistency check on the method of quantising triads by means of the so called Poisson bracket identity is 
performed. This identity allows us to replace triads by the Poisson bracket among the Ashtekar connection and the 
classical volume and places a prominent role in the dynamics of LQG 3 . The consistency check is made by construct- 
ing an alternative flux operator based on the Poisson bracket identity whose action is then compared with the action 
of the usual flux operator, quantised in a standard way as a differential operator. 

In particular we show that one must consider the electric field of LQG as a pseudo 2- form, since otherwise no consistent 
alternative flux operator can be obtained. Note, that classically, when taking the symplectic structure of LQG as fun- 
damental the possibilities of taking the electric field as either a 2-form or a pseudo 2-form are equivalent. Furthermore 
a consistent alternative flux operator can only be achieved if one uses the volume operator introduced by Ashtekar and 
Lewandowski Val IE]' The Rovelli-Smolin volume operator Vrs is inconsistent with the usual flux operator. The 
ambiguity of Val caused by regularisation can be uniquely fixed by this consistency check. Moreover since we apply 
the formula for matrix elements of the volume operator developed in jj^l , this formula is tested independently through 
our analysis here. Additionally, we could demonstrate that when considering higher representation weights than the 
fundamental one of SU{2) for the holonmies involved in the alternative fiux operator the results stay invariant. Hence, 
we get no ambiguities in the quantisation process. Finally, the factor ordering of the alternative flux operator is unique 
if one insists on the principle of minimality. 

These results show that instead of taking holonomies and fluxes as fundamental operators one could instead use 
holonomies and volumes as fundamental operators. It also confirms that the method to quantise the triad developed 
in 121 is mathematically consistent. 

This paper is organised as follows: 

In section two we review the regularisation and definition of the fundamental flux operator for the benefit of the 
reader and in order to make the comparison with the alternative quantisation easier. 
In section three we derive the classical expression for the alternative flux operator. 

In section four we describe in detail the regularisation of the alternative flux operator and arrive at its explicit action 
on spin network functions. 

In section five we draw first conclusions about and determine general properties of the expression obtained in section 
four. 

In section six we compute the full matrix elements of the alternative flux operator. 

In section seven we show that the chosen factor ordering is unique within the minimalistic class of factor orderings 
mentioned above. 

In section eight we compute the matrix elements of the fundamental flux operator. 

In section nine we compare the two fiux operators and discover that there is perfect match for any value of £ if and 
only if Creg = 1/48, if and only if the electric field is a pseudo two form and if and only if we use the AL volume 
operator. 

In section ten we rule out the RS volume operator explicitly. In particular, we stress that the fact that the RS 
volume operator is inconsistent could not have been guessed from the outset. The consistency check performed in this 
paper is non-trivial and should not be taken as criticism of the RS volume but rather as a mechanism to tighten the 
mathematical structure of LQG. 
In section eleven we summarise and conclude. 

Finally, in appendices A - E we supply the detailed calculations and proofs for the claims that we have made in the 
main text. 
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2 Review of the Usual Flux Operator in LQG 



The classical electric flux Ek{S) through a surface S in LQG is given by the integral of the densitised triad over a 
two surface S 

(2.1) 



Ek{S)= J Etnl 



where is the conormal vector with respect to the surface S. In order to define a corresponding flux operator in the 
quantum theory, we have to consider the Poisson bracket among the classical electric flux and an arbitrary cylindrical 
function f-^ : G''^*^''''! C, where G is the corresponding gauge group, namely SU{2) in our case. 



{Ek{S),M{hM)}eeEi,))}= E {El{he)An}^§^ 



(2.2) 



We experience that the Poisson bracket among E'^ and can be calculated whenever the Poisson bracket among 
E^ and the holonomy {he)AB is known. As the latter cannot be calculated on the manifold directly because terms 
including distributions would appear, we have to regularise our electric flux and also the holonomy. Then we will 
investigate the regularised Poisson bracket, remove the regulator afterwards and hope that at the end of the day we 
will obtain a well defined operator. The regularisation can be implemented by smearing the two surface S into the 
third dimension, shown in figure ^ so that we get an array of surfaces St- The surface associated with i = is our 
original surface S. 




Figure 1: Smearing of the surface S into the tliird dimension. We obtain an array of surfaces St labelled by the parameter t 
with t £ { — e, The original surface S is associated with t = Q. 

We define our regularised classical flux as 



(2.3) 



The corresponding operator Ek{S) in the quantum theory is then defined as 



Eu{S)f^:^ih\im{El{S),f^}. 

£—►0 



(2.4) 



We have to derive the Poisson bracket among E'^{S) and any possible cylindrical function For this purpose, we can 
reduce the problem to investigating the Poisson bracket for any possible edge that is contained in the graph labelling 
the cylindrical function. The appearing edges can be classified as (i) up, (ii) down, (iii) in and (iv) out. Therefore, 
if we know the Poisson bracket for any of these types of edges, we will be able to derive the Poisson bracket among 
Ef, and any arbitrary f^. The calculation of the regularised Poisson bracket can be found e.g. in the second reference 
of After having removed the regulator we end up with the following action of the flux operator on an arbitrary 
cylindrical function 



ee£;(7) 



AB 



d{he)AB 



(2.5) 
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where Tk is related to the Pauh matrices by Tfc := —i(Tk- The sum is taken over all edges of the graph 7 associated 
with fj. The function e(e, S) can take the values { — 1, 0, +1} depending on the type of edge that is considered. It is 
+1 for edges of type up, -1 one for down and for edges of type in or out (see figure|21). 




Figure 2: Edges of type up, down, in and out with respect to the surface S. 



t=0 



, we can express the action of 



If we introduce right invariant vector fields X^, defined by {X^f ){h) := ^f{e ''h) 
the flux operator by 

h{S)f^ = Ul J2 <^^S)Xlf^. (2.6) 

e6£;(7) 

The right invariant vector fields fulfill the following commutator relations 

[X:,Xl]=-2erstXl. (2.7) 

By means of introducing the self-adjoint right invariant vector field :— —^X^, we achieve commutator relations 
for that are similar to the one of the angular momentum operators in quantum mechanics 

[y;,y/] = z6,,iy^ (2.8) 

Consequently, we can describe the action of Ek{S) by the action of the self-adjoint right invariant vector field Y^ on 

Eu{S)f, = ~hl J2 <e,5)y,V7- (2.9) 



3 Idea and Motivation of the Alternative Quantisation of the Flux Op- 
erator 

Recall again the definition of the regularised classical flux El{S) in eqn (|2.3|l . We take the Poisson bracket of the 
Ashtekar-connection and the densitised triad given by 



{Ai{x),EUy)}^S'{x,y)S^S^ 



(3.1) 



as our fundamental starting point. If we use a canonical transformation in order to go from the ADM- formalism to 
the formulation in terms of Ashtekar varibales, we have two possibilities of choosing such a canonical transformation 
that both lead to the Poisson bracket above. These two possiblities are 

/ Ai = Ti + jsgn{det{e))Ki , E^ = ^ekste'^^'el e* 
// Ai = Ti + -iKi , E- = ykste'^^'el e* sgn(det(e)) 



(3.2) 



Here, is the SU(2)-spin connection, K^^ the extrinsic curvature and 7 the Imirzi-parameter. Now the idea of defining 
an alternative regularised flux 



1 

Ye 



dtEkiSt); EkiSt) 



(3.3) 



is to express the densitised triad E^ in terms of the triads as above. Due to the two possibile canonical transformations, 
we have also two possibilities in defining an alternative densitised triad 

det(e)e^ = iefc.te^'^eg e* 

(3.4) 



El = { v/dit^e^ = iefc,te'^^^sgn(det(e)) e^e* \ =-. <j 



El 
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From now on we will use Ef.'' and Et'" , 



where is the cotriad related to the intrinsic metric as qab 
respectively for the two cases. 

So, instead of quantising the densitiscd triad directly, we could use the above classical identities, quantize them and 
check whether both quantisation procedures are consistent. The main difference between these two definitions is 
basically a signum factor which we will denote by S. From the mathematical point of view both definitions in eqn 
are equally viable, thus we will keep both possibilities and emphasise the differences that occur when we choose 
one or the other definition. However, notice that case I leads to the anholonomic constraint det(£') > emphasised also 
in J3] which already seems unlikely to be reproduced by quantising E as & vector field on some space of connections. 
Notice that the precise distinction between case I and case II is often forgotten in the LQG literature where one 
treats *E as a 2-form (I) when convinient and *E as a vector density (II) when convinient. While this is classically 
immaterial as long as E is orientable, we will see that in the Quantum theory this becomes crucial. 
If we parametrise the surface integral over St^ we obtain for the alternative flux 



J <fu efc.i [el{X{u))X%^{u)\ [el{X{u))X%^{u)\ ,E^, ' = det(e)e^ 

/ d^u tust [el{X{u))X%^{u)\ S [el{X{u))X%^{u)\ , E^^" ^ y^d^)et 

St 



(3.5) 



St 



where we used the expression of the conormal vector 
of an arbitrary embedding X : (— i, +i)^ S; (ua, u^) 



eaqrX\i^^{u)X^^^{u) associatcd with the surface St in terms 



X{u3,Ui) 



4 Construction of the Alternative Flux Operator 

Our strategy in quantising the alternative expression of the electric flux will be as follows: First of all we express 
the triads such as in eqn H3.5|l in terms of the Poisson bracket among the components of the connection and 
the Volume V{R), given by {Al,V{R)}. Here V{R) = J (fx^/detq is the volume of the region R. This kind of 

R 

quantisation procedure was first introduced in 3 in order to derive a well defined expression for the Hamiltonian 
Constraint in the quantum theory and is used in various applications in LQG nowadays. By comparing the action 
of the alternative flux operator with the one for the usual flux operator later on, we are able to verify whether this 
particular way of quantising leads to the correct and expected result. Therefore, this can be seen as an independent 
check of this particular way of quantisation. As a second step, we want to replace the connection by holonomies, for 
which well defined operators exist. For this reason we will have to partition each surface St and consider the limit 
where the partition gets finer and finer. This will be explained in more in detail later. Before we apply canonical 
quantisation and replace the Poisson brackets by the corresponding commutators, we want to get various issues out 
of the way. 



4.1 Replacement of the Triads by means of the Poisson bracket 

As before we want to derive the relation between the Poisson bracket {A^, V{R)} and the cotriads for both expression 
of E^ in eqn H3.5|l . The explicit definition of the densitised triad E^ in terms of the ej! enters the calculation. Thus it 
is not surprising that the final result is different for the two cases 

{Ai,v{R)} = t^!^ ' %rJt'%I%;s. ■ (4.1) 

By using the above identity and inserting it into eqn (|3.5() we get 

^ / d^u ckst {AUX{u))X%^{u), V{R)} {Ai{X{u))X%^{u), V{R)} , Ef = det(e)eg 

E,{St) = { 4,'fd'ue,.t{Al{X{u})Xi^{u),V{R}}S{Al{X{u))X:^^^{u),V{^^^ ,El'"^^d^)el ^^'^^ 

St 

Here V{R) is any region containing USt, t e [— e, e] and we used SS £ {0, +1} and thus could completely neglect the 
signum factor in the case of E^ = det(e)e^, because classically the 3-metric is nondegenerate, hence 5^ = 1. At this 
stage we already see that the main difference between the two expressions of E^: is whether we will have a signum 
factor in the final (classical) expression or not. Exactly this feature will be very important in the quantum expression, 
because the action of the corresponding operator differs remarkably if the operator contains a corresponding signum 
operator or if it does not. 
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4.2 Replacement of the Connections by Holonomies 



Our main aim is to express the components of the connections Al{Xs{u)) in terms of holonomies for which well defined 
operators on the quantum level are known. For this reason we partition each surface St into small squares with an 
parameter edge length e' as shown in figure 01 We can therefore express the integral over St as the sum over the 
integrals over all small squares in the limit where the partition gets infinitesimally small. Consequently, we can rewrite 
eqn (|3.5|l as 



EkiSt) 



lim E ^ekst{Alin),ViR,^u))}{Aiin),ViR,^u))} 
lim E ;^efc,t{A|(n),y(i?.c))}5{Al(n),y(i?.c))} ,El 



k 

a, II 



detie)el 



(4.3) 



where we introduced the notation Af{n)= J A** , / = 3, 4 for the integral over the connection along the edge e/(n) 

ei{a) 



of □. Here Ry^ is any region containing the point 63(0) H 64(0) and in the limit e' 
If we choose e' small enough, we can use the following approximation 



also R 



via). 





Figure 3: Partition Vt of the surface St into small squares with an parameter edge length e . 



{AKn),F(i?„C))} y +o(e'') = +hei {h-\V{R,(^u))} . (4.4) 

The above equation holds for holonomies in the spin-^-representation. We would like to generalise this relation to 
the case of holonomies with an arbitrary weight £ in order to construct an operator that could contain arbitrary 
spin representations. This could be useful in the sense that we are then able to analyse whether the result of our 
alternative fiux operator is sensitive to the chosen weight. That is, we investigate the effect of this particular kind of 
factor ordering ambiguity in the classical limit. The generalisation of eqn l|4.4|l is straight forward and leads to 

{Al(D),l/(i?,C))} In.iTs) + oie'^) = {^Tt{K^),V{R,^u))] , (4.5) 

where we denote a representation with weight £ by tt^. By choosing e' small enough, we are allowed to replace the 
Poisson brackets {Al{n),V{Ry(u))} and {A\[n) ,V {Ry(p))} , respectively, by Poisson brackets including holonomies. 
Thus the basis of the alternative fiux operator will be the following classical identity 

''%"'{St) = lim eksA{Al{u),V{R,^n))]S{A\{n),V{R,^u))] 

I t *>-'t „ rv 

•P ™St ^ k2 + l)(2£ + 1) 



' De-Pt 3 
Tr 



(yT^iiK^in)) [-^tih^.^in))^ y{Rv(u))\ T^i{Tkfs\Ki{h^^^a-)) ^'Ki{h^^^^^),V{Ry(^a))Y) ■ (4-6) 



The box around the signum factor S indicates that it is not contained in the equation if we choose but occurs 



when we use E'^'" . If one wants to show the correctness of the above identity, one has to use the following indcntity 
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Tt {Tr£{Ts)ne{Tk)TTe{Tt)) = —^£{£+ 1){2£+ l)eBkt which is derived in appendix IbI 

Hence, we managed to derive an alternative expression for the flux operator on the classical level which we are able 
to quantise by means of well known operators 

'X/"(S.)=,i.m.E;^ .,(,^,)(,,^,) (4-7) 



Tr 



From now on we will neglect the dependence of the edges e/(n) on the particular point Pi{n) in order to keep the 
expressions clearer. 

4.3 Notion of Convergence and Factor Ordering 

Let us now discuss in which sense the limit e — )■ is to be understood. First of all we formally have for any spin 
network state Tg 

<^'GefcT, ^ / E < I '"^'^(^0 I Ts> T,, (4.8) 

where we sum over all spin network labels s' (resolution of unity). Notice that the sum must be taken under 
the integral as otherwise the result would automatically be zero. Moreover, notice that for each t the number of s' 
contributing is finite. Next we have 

<T,,\^'^Ek{St)\Ts>= lim V <r,, |<"lfc(n)|r,> (4.9) 

In order to simplify the notation, let us assume that for all t the limit e' — > implies Vt St while the parameter 
area of the squares within the partitions decay to zero as (e')^. Then we can combine the two formulas and write 

It is easy to see that the Hilbert norm of this object vanishes with respect to the Hilbert space TiKin = L2{A, cL^al) 
of LQG where A is the Ashtekar ~ Isham space of generalized connections and ^al is the Ashtekar - Lewandowski 
measure. Basically this happens because the norm squared involves a double integral over t, t' while the integrand has 
support only on the measure zero subset t — t' . Hence, we cannot use the strong operator topology as a notion of 
convergence. The same applies to the weak operator topology. Rather, we will use the same notion of convergence as 
the one that has been used for the fundamental flux operator: Given a point A ^ Ain the space of smooth connections, 
we may evaluate the above expression at A and obtain a function on A 

rk'mA) --^^ r dtj2j2 < i <^4(n) i t,> taa) (4.ii) 

We now take the limit e' ^ before the limit e ^ in the following sense: We say that 

lim lim '^''t/{S) = <"i?fc(5) (4.12) 
provided that for any A £ A and any spin network label s 

hm hm |r'ir'(5) mA) - r4(5)T,](A)| = (4.13) 

e— >0 e'— >0 

Notice that the limit is pointwisc in A, s and not uniform. Notice also that this is a limit from the space of operators 
on the space of fmictions of smooth connections to operators on Tixm and not a convergence of operators on TiKin- 



With these preparations out of the way we may now draw already some first conclusions about the action of the 
final operator ^''^Ek{S). We may assume without loss of generality that both graphs 7 — 7(5), 7' — 7(5') underlying 
< Tgi I <*'£^fc(n) I Ts> are adapted to S in the sense that each of their edges has well defined type with respect to S. If 
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an edge e is of type up or down respectively then St fl e 7^ only for t > or t < respectively. If e is of type in or out 
respectively then for sufficiently small e we have St fl e 7^ only for < = or for no t at all respectively. Now consider 

< Tgi I ''^'ii^fc(n) I Ts> at finite e'. Since i?fc(n) involves the volume operator which has non - trivial action only when 
the state on which it acts has at least one at least trivalent vertex, no matter whether we use the RS or AL volume 
operator, it easily follows that T4(n)], / = 3,4 annihilates T, unless e/(n),7 intersect each other. Hence, in 

order to obtain a non - vanishing contribution at all, we must refine Vt in such a way each edge e G -^(7) intersecting 
St at all does so by intersecting with at least one of the e/(n) for some 7 e {3, 4} and at least one □ e Vt- Making 
use of the fact that classically the limit Vt — > St is independent of the refinement we refine Vt graph dependently by 
demanding that eventually e fl S** coincides with precisely one of the !>(□) if e is of type up or down respectively and 
t > or t < respectively. This is motivated by the fact otherwise no such edge would contribute if we use the AL 
version. If e is of type in and t = then the number of intersections of e with the e7(n) necessarily diverges as e' 0. 
However, if we use the AL volume, all these contributions vanish because, in order that its action be non trivial, it 
needs non - coplanar vertices, except if coincides with an endpoint of e where there might be additional edges 
of e adjacent which are transversal to S. If we use the RS volume then all these intersections contribute and the sum 
over □ diverges for suitable s' as e' 0. However, since we perform the integral over t before taking e' ^ and the 
support of the integrand for type in edges consists of the measure zero set f = 0, the contribution vanishes, again no 
matter whether we use the RS or AL volume. 




Figure 4: An non-vaishing contribution to < T^t \ *'''i?j;(n) | Ts> can only be achieved if Ts contains edges of type up and/or 
down, respectively with respect to the surface St. Moreover, the edges e3(n),e4(n) have to be attachted to Tg in this specific 
way. 



We conclude that for both versions of the volume operator only edges of type up or down will contribute, exactly as 

for the fundamental flux operator. However, for the AL volume the required ordering is more restrictive because there 
must be terms with both edges e3(n),e4(n) to the right of K(n). For the RS volume there are more possibilities 
available which we will discuss in a later part of the paper. 

Now let us derive which s' contribute to < Tgi \ '''©^(n) | Ts> for given s and □ G 5t. Wo may restrict to cidgcs of type 
up or down as just discussed. The factors T^t(hei{U)\ i'^(^e/(n))~^ involved could a priori change the graph 7 by adding 

the edge €/(□) with spin J = 0, 1, ..,21. However, the operator '*'iSfe(n) is invariant under gauge transformations at 
the endpoints of the €/(□) by construction, hence we must necessarily have J = 0. Thus, even at finite e' the operator 

'*^£fc(n) does not change the range of the graph 7. Hence, the only difference between s', s is that 7' = 7 but the edge 
e e £^(7') appears splitted into e* , with e = (e^)""^ o (e* ) and e* fl = u(n) = efxSt- Notice also that with dt mea- 
sure one the point St n e is an interior point of e. This is important because the contribution of < Tg/ | ''''i<^fc(n) | Ts> 
for □ G S* differs from that for □ G , f ^ because in the former case maybe a vertex of higher valence than four. 

Finally notice that <'''i?fe(n)|Ts > transforms in the spin one representation at ^'(□) because Tg is gauge invariant 
there. Hence Tgi bust have a spin one intertwiner at !>(□). 

What happens now when we take the limit as discussed is the following: For each value of t the sum over □ can be 

replaced by a finite number of terms, one for each e G £^(7) of type up or down and taking the limit e' ^ becomes 
trivial. Next, for each value of t and each edge e G £"(7) there will be a finite number of states T^'^ ^ which contribute 

to the sum over s' and which are mutually orthogonal for different e,t. The numbers < T^/^ ^ | '-'■^Ekip) | > do 
not depend on t (thanks of the diffeomorphism invariance of the measure), however the states T,'^ ^ do. Fortunately, 
considered as functions of smooth connections, the limit e ^ converges and results in states Tg' where 7(5^) = 7 not 
only have the same range but also the same edge sets. Then s, s'^ differ only by the intertwiner at the point v = 6(e). 
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4.4 Classical Identity 

Collecting all the arguments of the discussion of the last section, we end up with the following ordering of the classical 
terms ^ 

~ 1 fi 1 

<X/"(^0 = - lim y 7Mrk)cn (4.14) 



M^ejcn {TTeiK.^^),V{Ry^n))}^^ [S] {F(i?^(n)), 7r£(/ig/)}^^ 7r^(fte3)EA 



where the indices {A, B, C, D, E} e {-£, +£}. 

Since the Poisson bracket in eqn H4.14|l inlcudes the classical Volume V{Ry(^u')), the coresponding alternative flux 

operator contains the volume operator V. As mentioned in the introduction, in LQG exist two different volume 
operators, Vhs and Val- Thus, for each case I and II respectively, we have 2 different alternative flux operators 
depending on the choice of Vas and Val respectively. Hence, after canonical quantisation, we end up with four 
different versions of the alternative flux operator. For these four operators, we use the following notation 

C(5t) X''\St), C'"'(^t) (4.15) 

(4.16) 

Before, we want to apply canonical quantisation on the classical identity in eqn H4.14|l we want to discuss the two 
volume operators Vas, Val in more detail. 



4.5 The two Volume Operators of LQG 

4.5.1 The Volume Operator V^s of Rovelli and Smolin 

The idea that the volume operator acts only on vertices of a given graph was first mentioned in 17 . The first version 
of a volume operator can be found in |S] and is given by 



ViR)^ 



yRS 
v,7 



d^pV{p\ 



R 



^,7 



I,J,K 



(4.17) 



Here we sum over all triples of edges at the vertex v G V{'^) of a given graph 7. Vhs is not sensitive to the orientation 
of the edges, thus also linearly dependent triples have to be considered in the sum. Moreover, we introduced a constant 
Creg S IH that wc will keep arbitrary for the moment and that is basically fixed by the particular regularisation scheme 
one chooses. As for the usual fiux operator, we want to express V in terms of self-adjoint vector fields := —^X^. 
Hence, we have 

and thus 



(4.18) 



I,J,K 



(4.19) 



In order to selecet the gauge invariant states properly, we have to express our abstract angular momentum states in 
terms of the recoupling basis. The following identity 12 holds 



-e^.kXi XI x^ = i[r2 r2 1 



where Yjj := Yj + Yj. Consequently, we get 



V{R)^-'''\JM - M'> 



v<£V{i)nRI<J<K^ 



JM: M'> . 



(4.20) 



(4.21) 



V 



^In the case of Vhs exist more than this symmetric factor ordering. We w^iU discuss this aspect later in the paper. 
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The additional factor of 3! is due to the fact that we sum only over ordered triples I < J < K now. The way to 
calculate eigenstates and eigenvalues of V is as follows. Let us introduce the operator Ql 



as 



3!i 



(4.22) 



As a first step we have to calculate the eigenvalues and corresponding eigenstates for Qy'ff,^. If for example |0> is 



an eigenstate of Qy'ffn with corresponding eigenvalue A, then we obtain V\(j)>— y |A||(/) >. Consequently, we see that 
while Qy'ffi^ can have positive and negative eigenvalues, V has only positive ones. Furthermore, if we consider the 
eigenvalues ±A of QJ^;f;f^ and the corresponding eigenstate \(j)+\>, \(f>-\>, we notice that these eigenvalues will be 
degenerate in the case of the operator V, as y/\ + A| = y/\ — A|. 

4.5.2 The Volume Operator Val of Ashtekar and Lewandowski 

Another version of the volume operator which differs by the chosen regularisation scheme was defined in |S] 




3H ^ 

^ ^reg / , 

I<J<K 



e{e,,ej,e^)qY,^ \JM;M'>. 



(4.23) 



yAL 

v,7 



The major difference between Val and V^s is the factor e{ei, Cj^Ck) that is sensitive to the orientation of the tangent 
vectors of the edges {ei,ej,eK}- e{ei,ej,eK) is +1 for right handed, —1 for left handed and for linearly dependent 
triples of edges. In the case of Val it is convinient to introduce an operator Q^''^'' that is defined as the expression 
that appears inside the absolute value under the square root in V^^ 



QV 



I<J<K 



(4.24) 



By comparing eqn l|4.21(l with H4.23|l we notice that another difference between Vns and Val is the fact that for the 
first one, we have to sum over the triples of edges outside the square root, while for the latter one, we sum inside the 
absolute value under the square root. Besides the difference of the sign factor, the difference in the summation will 
play an important role later on. Notice that one arrives at ()4.23fl also from a usual point splitting regularisation [T^. 



4.6 Canonical Quantisation 

Usually the densitised triads, appearing in the classical flux Ek{S) are quantised as differential operators, while 
holonomies are quantised as multiplication operators. If we choose the alternative expression Ek{S) we will instead 
get the scalar volume V and the so called signum S operator into our quantised expression. The properties of this S 
will be explained in more detail below. Moreover, we have to replace Poisson brackets by commutators, following the 
replacement rule {. , .} ^ (l/ifi)[. , .]. In order to simplify the following calculations, we want to achieve a form of the 
operator such that on the left hand side only inverses of the holonomies appear while right beneath the product of 

operators V S V only holonomies appear. Thus, we make use of the identities Tii{h'^^)AB — Tre{e) Ac'^ii^) BoT^iihej) dc 
and Tri{hej)AB = '!^ei^)cAT^ii^)DBT^e{h~^)L,c, where 7r^(e) stands for the e^^ of SU(2) in a higher representation with 



weight i. The explicit form can be derived from eqn ljB.l|l in appendix and is given by Tri{e)AB — (~1) 'ja+b.o- 
Clearly, we want the total operator to be self-adjoint, so we will calculate the adjoint of '*'i?fc(S'() and define the total 

and final operator to be **'-Efe,tot(S't) = ^{Ek{St) + k{St)) that is self-adjoint by construction. Hence, the final 
operator for Vrs which we will use through the calculation of this paper is given by 



1-^1 /II ,RS 



(St) = lim V 



Oevt 3 



£(^-1- 1)(2^+ 1 



-''^t{Tk)cBT^l{()EI 



{ 



whereby we used the identity ■Ki{h^^)AB - 
additionally, TTi{e)GDi^i{<^)DH = {-l)'^^dG.H- 



it 



Vl,s 



s 



Vas^T^i{he 



ni{he 



s 



Vns,Tfe{hes)FG T^eiheJcAY (4-25) 
\ the definition of the Planck length l""^ := {hn)^^, and 
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Considering the operator Val, we know that for each commutator only one term will contribute, because otherwise we 
cannot construct linearly independet triples of edges since {61,62,63/4} are linearly dependent. Therefore in the case 
of Val we obtain the following final expression 



21 



-T^l{Tk)cBT^l{f)EI 



□ 3^(^+l)(2^+l) 

I + TTl>{e)pc ^l{he^)pG\^ [T^l{he3)BA]^ Val S_VALT^t{hei) iGT^iihe^) EA 
-TTt{e)pB ^({hei)iG\^ ^({he3)EA]^ Val S_VALT^t{hei)FGT^dhe^)cA^- 



(4.26) 



Here again for case II the signum operator is inlcuded, whereas in case I it is not. 

By looking at the equation above, we see that the operator contains a lot of sums, so it does not seem to be that trivial 
to actually compute expectation values. However, we will show in the next section how we can use the given structure 
of the operator and derive some properties from it that will simplify the summation and therefore the calculation of 
expectation values. 



5 General Properties of the Operator ^^''Ek^tot{St) 

In this section we will discuss some general properties of the alternative flux operator. Since this properties are valid 
independent of the choice of Val or Vrs we will drop this labeling of the volume operator here. If not explicitly 
mentioned otherwise these properties also hold independetly from the fact whether we are considering case I or case 

II respectively. Thus, we will only talk about the operator '•'^^Ek^tot{St)- 



5.1 Correspondence Between the AL and the Abstract Angular Momentum System 
Hilbert Space 

Going back to the action of the usual flux operator in eqn H2.9f) we see that the action of the flux operator can be 
expressed in terms of selfadjoint right invariant vector fields . The same is true for the volume operator appearing in 
the new alternative flux operator. Since we would like to utilise the technology of Clebsch-Gordan coefficents (CGC), 
6j-symbols and the like in order to calculate matrix elements of these operators with respect to spin network states, 
we will discuss in detail how the AL-Hilbert space and the abstract angular momentum system Hilbert space are related. 

Consider the explicit expression for the matrix elements of the unitary transformation matrix [tt -,((;)],„„ for the 
components "0™ of a totally symmetric symmetric spinor of rank 2j under SU (2) gauge transformations reviewed 

in appendix E, that is, V'm ~ ['''j(3)]mn ''Pn- By elementary linear algebra, the unitary representation g i— > U{g) 

of SU (2) on the linear span of the standard angular momentum states \jm > is obtained by transposition, i.e. 
U{g) \jm >= J2n=-j [''^ji9)]nm \j n >■ To see this, it is enough to check that the standard angular momentum 
operators j''" when written in terms of ladder operators have the same action as the infinitesimal generators of the one 
parameter groups 1 1-^ [/(exp(itrfc/2)). (Recall that ir^ — <Jk are the Pauli matrices.) Explicitly we find 

j'' \jm>= [tTj {Tk)]nm \j U > 

n 

where T^jirk) are the matrices derived in appendix E. 
Now consider the functions 

< he\jm >m'-^ \/^3 + l[7rj(/le)]mm', (5.1) 

where /le denotes the holonomy along some edge 6. For fixed m' they are orthonormal just as the |j m >. Moreover, 
the operators := —iX^/2, where are the right invariant vector fields on SU{2), satisfy the same algebra as 
the J*^. Let us drop the label e for the purposes of this paragraph. From the explicit representation of the gauge 
transformation on the < h\j m >„/ given by V{g) < h\j m >m'—< gh\jm >m'= ['^j{9)]mn < h\jn we can 
explicitly calculate that the Y^ are the infinitesimal generators of the one parameter groups t i-^ V{exp{itTk/2)), 
explicitly 

Y''\jm ■^['^j{rk)]mn\jn >m' (5.2) 
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It is instructive to verify the angular momentum algebra for J*^, Y'^. 

The fluxes are expressed in terms of the and the spin network states are expressed in terms of the \j m >J^, (the 
superscript e reminds of the edge to which the state \j m >„i' is associated to). In order to write these in terms of 
and \ j m > we must determine the unitary operator 

W : W"'' ^ni^r, W\jm;m' >=Y,Wjmn\jn>m' (5.3) 

n 

such that WJ''W-^ = Y''. Here W"" is the linear span of abstract angular momentum eigenstates \ j m; m! > which 
for fixed m! £ {—j, —j + 1, ■■,.]} are just the \ jm > with additional label m' while 7i^, is the linear span of the spin 
network states \j m >„i' and Wjmn is a unitary matrix. 

It is not difficult to sec from the above formulae that Wjmn = ['^j{£)]mn where e = —T2. Therefore 

W\jm; m' [7rj(e)]„„|j n <^ W^^\jm (e"^)]„„|j n ; m' > (5.4) 



and we will make frequent use of the identities e ^ = = — e, eg^e^ — 9 ^ valid for any g e SL{2, C) such as g = 



and r,. ^ = ~Tk = 



Now in order to use these identities, consider some spin network states ^ ^ _, T, 7 -., and some operator Oy 
which we think of as a function in the operators Yj'. Then by unitarity 

< =• - - I Oy \ T >SNF— 

where S'A^i^ stands for the spin network Hilbert space and ABS for the abstract angular momentum system Hilbert 
space. We use the following notation. Whenever we address SNF we call them T and express them in terms of \ jm >„/ . 
In contrast if we refer to states in the abstract angular momentum system Hilbert space, we use the notation T' for 
the abstract angular momentum system functions which result from T upon substituting \jm by \jm; m' >. 
The operator Oj is the same as Oy just that Y^ is everywhere replaced by 

The discussion above shows that we have to map the holonomies TTi{h)AB in the alternative flux operator in cqn 
(|4.26(l into the abstract angular momentum system Hilbert space via the unitary map W in eqn (|5.4() in order to apply 
technical tools of usual angular momentum recoupling theory. Thus, if we apply the unitary map W (summation 
convention is assumed) 

WMh)AB = ""'^^J^^' <h\ec;B>, (5.6) 
use the fact that ■ni{Tk)BC — ~ \_''^t{^)^t{'''k)T^i{^^^)\(j-g and the following properties of 7r^(e^^) 

7r£(e~^)AB = {-lf'^T:i{e)AB M<^)abM<^)bc = (-1)^^(5ac M<^)ab = {-lf^ni{€)BA (5.7) 
that can easily be derived from the explicit expression of 7rf(e)A_B, we end up with 

^+TTeie)Fc{® <e3^B:A|(g) £ F ; g\ Oi \ £ I ; G> i E ; A> <S)^ 

-'n-l{e)ps(® <es(E-A\iS) ^/;G| 62 K-F;G>e4 «'KC;A>e3 (X")!. (5.8) 

The definition of the operators Oi and O2 in the four different cases are shown in eqn (|5.9|l . We introduced the notation 
Vqjji^ in the RS case meaning that only the contribution of the triple {e^, Cj, e^} is taken into account. Why O12 
have this particular in the case of RS will is explained more in detail in appendix ElBasically, the structure displayed 



14 



is due to the various contributions from the four terms involved in the product of 2 commutators in eqn H4.25|l . 



1 


AL 










RS 




y 


<^ J- ixizt i\. o y 1 ^ o 




*^ AL 
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Q123 


y 


' LJ LZO IX'^ '2T, D yl24 


QII.AL 
1 










^1 




^ ^ RS ' 


Vn 


^'?123 *''^Q124*-* ♦'^i^^S ''HS*^ *'^'?123 


r^II.AL 
^2 


= Val. 


SV^L 








= V„s 


SVns + 


^123 


^^124 ~ ^123'^^HS ~ ^^5*^^124 



(5.9) 



Recall from the discussion in section that the action of both operators Ek{S), '-'^'Ek{S) on any SNF was totally 
determined by its action on single edges of type up, down, in and out, and that the latter two were annihilated 
by this operator. The surface □ which intersects an edge e of type up or down necessarily transversally splits e as 
e = e2(n)~^ o ei(n) where ei(n), £2(0) is of type up or down with respect to □ (or St) respectively if e is of type up 
with respect to S and conversely if e is of type down. Notice that e/(n), / = 1, 2 inherit from e the same spin label j 
couphng to total spin ji2 at the point «(□) = ei(n) n e2(n). 



1/3^" «12> 




Figure 5: SNF \l3^^^ ni2> that consists of two edges, whereby one is of type up and the other of type down with respect to the 
surface 5*4. These two edges carry both a spin label j and couple at the vertex v{n) to an resulting angular momentum ji2. 

As the operators Oi and O2 in ean l5. 81 contain the volume operator !/(_/?„(□)), at some point we will have to calculate 
matrix elements of V. With this in mind it is advisable to work in the so called recoupling basis right from the 
beginning, because the formula for matrix elements of V derived in applies only to states in that particular basis^ . 
The particular SNF we want to work with can be characterised in the recoupling basis by its total angular momentum 
ji2 and its magnetic quantum number (and two additional labels rri'^jm^) since the first intermediate coupling Oi 
is equivalent to the spin label of the first edge which is fixed and j in our case. Therefore, we will call those states 
IP-'^^ ni2>m[,m'2-= 1*^1 — j 0.2 — J12 ?^i2 >m[m'2 whcrc Tiij G {— ji2 , ■ • ■ , ^12} and m\,m!r^ can be treated as additional 
indices unimportant for the recoupling procedure. This means to a fixed choice of J12 we have (2ji2 + l)(2ni2 + 1) 
orthogonal states ?ii2>m;,T?xi being a basis of the Hilbert space for this particular value of ji2- This SNF is also 
shown in figure El 

As before we want to map the SNF l/?-*^^ ?t.i2 >m'j,m^ and the operators into the abstract angular momentum 
system Hilbert space 

W\I3^^^ n,2>„i'^,rn'2 = Xl^-J'i2(^~^)"i2™i2l/5'"' "^12 ; m[,m'^> (5.10) 

mi2 

^Recall that in the tensor basis a state is characterised by the spin labels ji and the magnetic quantum numbers mi and an additional 
label m'^ that are attached to the edges of a particular vertex of the corresponding graph 7. We express a given SNF in this basis by tensor 
products between states |imi>^/ multiplied by corresponding intertwiners. In contrast, in the recoupling basis states are characterised 

by the total angular momentum J, the total magnetic quantum number M to which the edges couple at a particular vertex of the graph 
7 and the value of the intermediate couplings. In order to know what kind of intermediate couplings are possible, we have to fix an order 
in which we want to couple the edges associated at one particular vertex from the very beginning. Then the intermediate couplings ai 
are successively defined by a^+i := {\ai — j'i+i | , + with ai := ji. If we choose a different order of coupling, we will end up 

with a different recoupling scheme, where these two recoupling schemes are related by so called 3nj— symbols. (For a brief introduction to 
recoupling theory see for example |12lll(il .') 
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Consequently, the map W has the foUowing effect on the matrix element of **'i?fe,tot(5't) 

= J2 I'ji2(e"^)ni2mi2i'ji2(e"^)ni2mi2 < Z?^'" fh,^ ; m[ m\ r'£^fe^t„t(5't)| /J-''^ ^12 ; m\ m> . 

mi2,lTll2 

where for reasons of clarity we denoted by the superscripts J respectively the same algebraic expression in terms 
of the y, J operators respectively. In what follows we will drop this label and it will be understood that we will be 
working in the abstract angular momentum space only. The same transformation applies to the matrix element of the 
usual flux operator. Since the inverse of the matrices exists, we can conclude that in order to show that the 

matrix element of the usual flux operator and the one of ^'^Ek.totiSt) are identical, we only have to show that after 
taking the limits limc^o linie'^o the matrix element < TO12 ;to' |**'-Efe,tot('5't)| (3-'^^ TO12 ; m[ m'^> agrees with 
the matrix element of the usual flux operator < (3^'^^ fh^^ \ 'm-[ fTi'2 1 Ek{S) \ P^^^ m^^ m'^ "^2> for every possible value of 
Wi2,Wi2. Thus, we do not have to consider the two additional 7rji2(e~^). 

Note that also the explit value of the matrix element of the usual flux operator will be contracted by these 7rj(e^^). 
Considering gauge-invariant states [j ~ 0) only, 7ro(e~^) = l is only a single number. Thus, if one would work with 
gauge-invariant operators only, all T:j{e^^) would drop out in can 15. Ill 

For the further calculation of < /J^^^ mi2 ; ^2 ; m'^ m'^> we will introduce the following 

abbreviations 

< 13^^^ ; m' mf, | := < /3^^^ m^^] 

I ; m; m> := | (3^^^ m,2> (5.11) 



5.2 The Explicit Action of ^''>Ek,totiSt) 

If the operator acts on such a state \f3-''^^ "12 >m'j,m^ it will basically add two additional edges 63 and 64 to the SNF. 
These edges lie in the surface St as can be seen in figureEl Consequently, applying the operator to the states |/3^" ni2> 
means nothing else than coupling the two additional edges 63, 64 to the already existing edges Ci, 62 and constructing 
a new SNF with four edges that we will call |af m>. We label these new states |af m> again by their resulting total 
angular momentum J and their corresponding magnetic quantum number M . The two additional edges both carry a 
spin label i. These states |af m> include three intermediate couplings 04,02,03 and O4 is equal to the total angular 
momentum J. In contrast to \(3^'^^ mi2> we need an additional index i here for distinguishing all possible states \af m>, 
because it will be the case that for a particular value of J several values of intermediate couplings O2, 03 exist. (This 
becomes clearer when we explicitly describe the set of states that belongs to a particular total angular momentum J 

and that build a basis of the corresponding Hilbert space.) Therefore the action of '•'^^Ek,tot{St) can be expressed in 
terms of the recoupling basis states _a/>, where the expansion coeSicients are the corresponding CGC. 




Figure 6: The SNF |/3^i2 ni2> is transformed into an new SNF |a/ a/> by the action of <*'Sfc,t„t(S't). 
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Therefore the action and consequently the matrix element of '*'£'fc,tot(»S't) can be described by the following expression 



hm - 



vT^s, !£{£ + l){2e + 1) (2£ + 1)2 

+e a3+e as+e 312+e 312+1 

J2 {Mrk)cnne{£)E^E H H H H h,J 

,B,C,E.F.G=~l J=\^3-e\ J=\a3-i\ a3 = \jl2-i\ Q3 = bl2-f| 

+ TTi{e)Fc < ji2 frii2 \i B\a3 irii2+B> < 0,3 77112+S : £ f\J rhi2+B+F> 

< ji2 ■jE\a3 mi2+_E> < 03 TO12+B -J ~ E\J mi2> Sm^^+p+B,m-,2 

< a4 M — TO12+-B+-F ifh^fh'^AGlOi I af Ri — mi2 ; m' m'^ A G> 
-Tri{e)pB < ji2 rfiii ;^ £ | fls TOi2+-E> < m^2+Ed~E \ Jfh^2> 

< ji2 mi2 ■ic\a3 mi2+c> < 03 mn+c-jFlJ mi2+c+F> 5„i^^+c+F,mi2 

< a^. M = mi2\m[m'^AG\02\a{ M = mi2+C+F -m^m'^ AG> |. (5-12) 

Here < ji rrii ; j2 | J M> denotes the CGC that describes the coupling of the angular momentum ji and j2 with 
magnetic quantum numbers mi, 7712 to a resulting angular momentum J with magnetic quantum number M. 
Since, the states \af m> for different angular momentum and different magnetic quantum numbers are orthogonal 
to each other, meaning < m\ af m>— Sj ^Sj^j j,,, < aJ m \ af m> and the operator O leaves J and M invariant, 
we replaced J and M by J and M and added the necessary (5-function 5j j. Furthermore, we used the definition 
7rf(e)E/ = {—\Y~^5e+i,o and substituted / by —E in the whole equation. This restriction of / together with the 
constraint that |a/M> and < a-^ m\ must have the same magnetic quantum number leads to two other (5- functions 
including mi2 and mi2. Although the (5-functions above will surely simplify the summation, we still have 11 sums 
in total and some even depend on each other. Especially the summation over J and J contains a lot of terms. But 
fortunately due to the structure of the operator we can reduce these sums. 

Theorem 5.1 

The resulting angular momentum J and J of the states |a/ a/> and < a~ m\ that do contribute to the matrix element 
< /3^" mi2 1 '*'£'fc,tot(5't) I »77,i2> are only ji2 and ji2 of the incoming states. 

More precisely, the only contribution to ^'^Ek{St) is the angular momentum J — ji2, while the only contribution to 
'■'^Eh{St)isJ = l2- 

(Recall that the first term of the sum in eqn H5.12|l is caused by '•'^'>Ek{St) and the second and negative part belongs 

to <^'ftfc(5t).) 

Proof 5.1 

First of all we will prove the following lemma. Afterwards we will use it so as to be able to prove the theorem just 
stated. 



Lemma 5.2 



■neXe)E-E < ji2 ; ^ -E | 03 mi2+B> < flg mi2+-E : ^-b | J mi2> 



= (-l)--'--'-=^''^^^^5j,,,2('5™i2,-j-.. +'5™i2,-...+i + ■■■ + 5rni2,n2)- (5.13) 
The proof of lemma I5T^ is shown in appendix 1X1 

We use lemma ()5.2() for performing the sum over E in eqn H5.12|) . The summation over J and J contains only 
one term now, so we can easily carry out these two sums. Moreover, since the operator O does not change the m'- 
indices, we can trivially sum over the indices A, G. This leads to an additional factor of {21 + 1)^. Accordingly, the 
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final version of the matrix element of the operator '*'-Efc,tot(»S't) with which we will start in the next section is 

DeVt 3 ^ ' B,C,F=-t S3 = |jl2-f| a3 = bl2-^| 



V2jl2 + 1 

< ii2 fni2 ; ^ s I as mi2+B> < mi2+B ; ^ | J12 rhi2+B+F> 



1-^ ;;il2+C + F,mi2 

V 2ii2 + 1 

< ji2 ^12 ; ^ C" I flg mi2+C> < flj mi2+f" ; ^ C | ji2 mi2+C+J"> 

< a|^^ M = mi2 ; m' I O2 1 af^^ M = mi2+c+F ; rn' TO2> |. (5-14) 

where we used SjjSjj-^^ — ^2 i^^)^^ = +1- omitted the sum over the (5-function acting on the magnetic 
quantum number TO12 and fhi2 respectively (see lemma Pi .2(1 . This is possible as long as we keep in mind that the 

action of the operator '•'^^Ek,tot{St) is identical for each fixed mi2 and mi2 of the states \I3^^'^ mi2> and < (3^^^ Wial- 

However, by simply looking at eqn (|5.14|l we see that only the resulting angular momentum J — J — J12, J12 contribute 

to the matrix element < /J-^'i" fh^2 |'"i^fc,t„t(5't)| /S-'i" TOi2>- 
Consequently, we have proven theorem l|5.1|) . ■ 

We can read off from eqn (|5.14l) that we have already managed to reduce the number of summations down to 5 just 
by investigating the physical properties of '•^Ek{S). 



5.3 Behaviour of ^''^Ek,tot{S) Under Gauge Transformations 

Now we will take a closer look at the behaviour of **'i?fe(S') under gauge transformations and see that this will 
constrain the possible values of J12. Applying a gauge transformation on eqn (|4.6() under which h^.^ transforms as 
/if^ g{b{ej))g~^{f{ej)) with b{ei) and /(e^) being the beginning and the final point of the edge Cj, we obtain 



aevt 3 

Tr (n,{h,,) {ne{h-'),V{R,^u))}9-\Ke))Mrk)g{b{e))[s}r,{h,J {n,{h:l),V{R,^u))} ^ 

(5.15) 

Thus the classical expression transforms in the spin-l-representation, due to the term (b{e))Tri{Tk)g{b{e)) . Con- 
sequently, we know that if we applied the corresponding operator on an incoming state |/3^i^mi2>, the action of 

^'Ek{S) would change the intertwiner at the vertex v{j) by 0,±1. Therefore, if we consider matrix elements of the 

kind < Z?-'^^ rfii2| '•'Ek{S) \(3^^^ ini2> the only non-vanishing values for ji2 are ji2 — ji2, ji2 ± 1- In the specific case 
where J12 = 0, ji2 can only take the value J12 = ji2 + 1- Of course, we only want to consider incoming states that 
are physically relevant. Therefore we have to choose an incoming state \f3^^^ mi2> with a total angular momentum 

J12 = in order to ensure that this state is gauge invariant. Hence, the transformation property of '•'Ek{S) leads to 
the restriction of ji2 = 1. Therefore, by means of theorem 15.1|l . the only total angular momentum J of the states 

|af M> that contribute to the matrix element of ^'^^Ek.totiSt) are J = 0, 1. Therefore, eqn H5.14|l can be rewritten. 
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according to our particular choices of ji2 = and ji2 = 1, as 



8C^ 



lim } 

Vt^St ^ 



£(^+l)(2^+l) 



a3 = |l-«|a3 = |- 



< 1 ; -B I fla ?7ii2+-B> < As rtl^^+B ; F | mi2+-B+-F> 

< a- M = TO12+S+F :?7i' m'^ I Oi I a° A/ = TOi2 ; ™'i '^■2?' 



-(-l)-^<5,+,,o(-l) 



-l-3a3 



1 



V3 



■^mi2 + C + F.mi2 



< mi2 ; ^ c I 03 mi2+c> < fla mi2+c \i f \ 1 mi2+c+F> 

< a-^ M = TO12 I O2 I Q^i A/ = mi2+C+F ; m' | 



(5.16) 



where TO12 = { — 1,0, 1} and mi2 = is the only possible value of the magnetic quantum number for |/3j'„^,>. 

In the next section we will calculate the matrix elements < TOi2 |*''i?fc,tot(S't)| mi2 > of all four versions 

'''KZiSt), '''XZ(St), '''KlASt). '''XlASt) of the new flux operator. 



6 Matrix Elements of the New Flux Operator ^'^''Ek^tot{St) 

Before we explicitly calculate the necessary matrix elements of Oi, O2, the question arises, what are the matrix elements 
that we need, or rather what kind of matrix elements will appear in the recoupling procedure of eqn (|5.16(l . As the 
action of V and accordingly also the action of qijk leaves the total angular momentum J of a state \a'l m> invariant, 
the whole matrix that includes the elements of all possible values of J belonging to a particular choice of ji2 and 
ji2 would be divided into orthogonal submatrices for each fixed total angular momentum J. Consequently, we can 
actually calculate the eigenvalues and eigenstates separately for every possible value of J. Hence, in our case we should 
take a detailed look at the corresponding Hilbert spaces of J = 0, 1. Similarly to mi2> the spin label of Ci and 62 
of jaf M> are identical {ji = ^2 = j)- Therefore, we already know that 0.2 = j ® j ^ {0, +1, 2j} = ji2 can only be 
an integer. Hence, a basis of the Hilbert space belonging to J = is given by 



a\ M> := 


1 ai 


= ja2 


= 0a. 




0> 


a2 M> := 


1 ai 


= 30.2 


= las 


= IJ = 


0> 


a° M> :— 


1 ai 


= ja2 


= 2 as 


= ej = 


0> 



I M> := I fli = j 02 = 2j — i J = 0> 



(6.1) 



Here, the only possible value for ag is 03 = £, because otherwise and j4 = i could not couple to a resulting angular 
momentum J — 0. Furthermore, we have assumed that the condition 02 < 2£ has to be fulfilled to ensure that a 
resulting total angular momentum of J = can be achieved. If this is not the case, the number of states reduces 
down to the number of states where the condition 02 < 2£ is still true. ^ Fortunately, we will not have to calculate 
matrix elements of all possible combination of states. In our case, we already know that ji2 = 1 and ji2 = 0. This is 
equivalent to 02 = 1 and a2 — and we realise that we only have to calculate the matrix element < 02 a/ | $134 \ai m> 
here. ^ 

The transformation properties of the operator <'Efc(S'), discussed in section l531 led us to this restriction ji2 = 1. Even 
if we had not at all worried about any transformation properties of the operator before, we see at this point by simply 
looking at eqn H6.6|l that all other possible matrix elements < a° m| §134 jaj m> where i > 2 will vanish anyway. This 
is due to the fact that for i > 2 Aoa {0,2 — 82] > 1. In this case the 6j-symbols in eqn H6.6(l in the last bracket will 
be zero and this makes the whole matrix element vanish. Summarising, if we start with a gauge invariant state j/?" o> 
there exists only one non- vanishing matrix element for the case J = which is < ctj a/| $134 la'j' m> in our notation. 
Let us analyse the case of a total angular momentum J = 1 now. In this case we have three different values of the 



^Consequently, only for large enough £ the Hilbert space belonging to a zero total angular momentum will bo (2j + l)-dimensional, e.g. 
for the simplest case £ = ^ it is only two dimensional. 
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intermediate coupling as = {£ — !,£,£+!} to ensure that a total angular momentum of J = 1 can be achieved. Hence, 
a basis of the corresponding Hilbert space is given by 



a J M> := 


1 fli 


ja2 


= 03 = 


£,/=!> 


al M> := 


1 0.1 


= ja2 


= 1 03 = 


^ - 1J= 1> 


al M> 




= j ^2 


= 1 03 = 


IJ =l> 


alM> := 


1 fli 


= ja2 


= Ifla = 


£+lJ 


■„i M> := 


1 fli 


= j 0-2 


= 2j 03 = 


= ^ - IJ = 1> 


-^Ij M> 


1 fli 


= i 02 


= 2j 03 = 


= £ J = 1> 


■+i - 


1 fli 


ja2 


2j 03 = 


= £ + IJ = 1> 



Here the condition on O2 and € is Og < 2£+l. Notice that in the special and simplest case where ^ — 2 



(6.2) 

i the intermediate 



coupling 03 



i is not sensible, therefore this state has to be dropped here and the Hilbert space includes only 



5 X 3 = 15 states. Again, due to the construction of the operator ''^'£'^(5), we only have to consider the matrix 
elements with Oa = 1,02 = and these are precisely < a} m\ q^s^ |q} m> where i = 2,3,4. Hence, we see that for 
J = 1 three different matrix elements will contribute to the final result. Similarly to the case J = all matrix elements 
< a] m\ 

9134 |q;} m> for I > 4 vanish, because then Aa2 : — I02 — O2I > 1. 
We will now go back to eqn l|5.16|) and apply our new results. Furthermore, the discussion above showed that in the 
first term of eqn H5.16|l the only possible value for 03 ,03 is £ (case J = 0) . In the second term 03 = £ is still valid, but 



here 03 can take the values 03 



1}. Therefore eqn H5.16|l simplifies to 



<I3' m,2\'''EkMSt)\f3°o> 

8£~\-ir 



lim 

Vt^St 



|Jj£(^+lK2£+l) 



Tk 



(-1) 



^F + cW'2£ + I(5mi2+B+F,0 

< 1 TO12 \ £ b\£ rhi2+B> < £ mi2+B ■,£f \ 0> 

< Qfj M = mi2+s+F ; m' I Oi I a\ m — Q ; m[ m'^> 

^F + B,0^C + F,ifli2 

< 00;£c\£c> < £c;£f\1c+f> 



V3 
V2£ 



< M — 777,12 i^'i nT'2 I O2 I a J M — c+F ; m[ m'-^> 

< M — ?7ii2 ■,rh[ rh'^ \ O2 \a\ M = C+F ; 777' m'^> 



. + 1 ^ ^, ^, , 1 / / n 

H — < M = 171^2 \iTii I O2 M = C+F ■ m^> j 



(6.3) 



6.1 Matrix Elements of Q,^^ and Q^^,^ 

In order to calculate the matrix elements of Oi, O2 we have to calaculate the matrix elements of Q^^ and Qy^jj^ as an 
intermediate step. Thus, we will discuss this calculation first before we talk about the four different cases separately. 



6.1.1 Matrix Elements of Q;^^ 

First, we have to apply the map W in eqn (|5.4() to Qy'^'" since we need the corresponding operator in the abstract 
angular momentum system Hilbert space depending on J 



3I7 



K.KK 



(6.4) 



whereby results from qfji^ upon replacing everywhere by Jg . From now on we will neglect the explicit label 
J for Qy^^ and keep in mind that we are working in the abstract angular momentum system Hilbert space. Our 
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SNF under consideration \af m> contains two linearly independent triples constructed from the edges {ci, 63, e^} and 
{ca, 63, 64} for which the signum factor is non- vanishing. Here we split an edge of type up or down as e = e^^ ° ei and 
then e(ei, 63, 64) = — e(e2, 63, 64) — ±1 for edges of type up and down respectively. Hence, we have 

T 



^■P A ^'"es (9l34 9234) 



(6.5) 



We notice that the matrix elements of Q^^ apart from the constant prefactor l^^Creg are basically equal to the 
matrix elements of g/j^. In a general formula for the matrix element < af M\qjjK \a~^ m> for an arbitrary 
n-valent vertex was derived (eqn (47) in QB]). We can use this result in order to get the desired matrix element of $"134 
and $234- We obtain 



< afM I gi34 |q;/m> 



(6.6) 



+2j+l+J 



^2j{2j + l){2j + 2) [2e{2£ + 1)(2£ + 2)]^ ^(202 + 1)(252 + iWC^a, + l)(2a3 + 1) 



j 2 "2 1 r J £ 03 
1 02 j J 1 1 03 ^ 



^ ' 1 1 ^ a., 



Os £ 02 
1 a, £ 



(-1) 



03+02 J "^2 03 



1 £ a. 



1 a, ^ 



< af Af|q234 |a/M> 



+ J(-l)+'-''+'+'V2j(2j + l)(2j + 2)[2£{2£ + l){2£ + 2)]-2^{2a2 + l)(2a2 + l)V^ia3 + 1)(2S3 + 1) 



I 0,2 j \ \ l 0.3 £ 



(-1) 



02+03 



03 £ a2 
1 a2 £ 



02 £ 03) _ :_.^a2+a3 ( 03 £ 02 1 f 02 £ Oa 

I 03 £ \ ^ ' 1 1 S2 ^ ( 1 1 a, ^ 



(6.7) 

The explicit derivation can be found in appendix [CJ Here we already used that ji = J2 = j, J3 = ji = £ and — J 
and ^ ^ J r 6j-symbols defined in eqn (120) in |16| . 



6.1.2 Matrix Elements of 

If we consider the operator Q^^,^ we also have to consider linearly dependent triples. Therefore also the triples 
{ci, 62, 63} and {ei, 62, 64} will contribute. Since the sum over the triples is positioned outside the square root and the 
abolute value in the case of RS (see eqn (|4.21() for details), we moreover have to deal with four separated operators, 
namely Qy'^i3i^Qy%3i^Qyfi23^Qv%i- From eqn H4.22|l we can read off that the matrix element of Qy^jj^ is derived from 
the matrix element of Quk multiplied by the constant £^^Creg- Thus, here we also need the matrix elements of ^^123 
and 5"i24 which are presented below 



^_(_l)+2,+£+l(_l)a2-02+03^(j. ) J _J 





j 


02 1 


f 03 


£ 


O2 \ 




02 


i J 


1 1 


0,2 


^ J 



02(02 - 1) - 02(02 - 1) 



(6.8) 



and 



< af Af|qi24 |a/Af> 



+ -(-l)+2.+^X(j,£)^^(02,52)^(03,03)P^i 



£ 02 
1 02 



04 t 
1 o. 



02(02 - 1) - 02(02 + 1) 



(6.9) 



6.2 Case '^'E^.^St) i.e. i^^ = det(e)e^ and V, 



If we consider the case of '*'£'fc_tot('5't): the operators Oi, O2 in eqn H6.3|l are Oi = O2 — V^^. Going back to eqn (|4.21|l 
and (|5.4|l . we see that V^^ = \Q^^\- Consequently, the task of calculating matrix elements of V^^ can be treated in 
the following way. As a first step we compute the eigenvalues and eigenstates {ej} of Qy^- Afterwards we expand 
the matrix elements of V^j^ in terms of the eigenvectors of Q^^ 



<a/M|yiJafM>=^|A«| 



< af A/| ej> < e, |af m>. 



(6.10) 
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whereby we used that and have the same eigenvectors and if is an eigenvalue of Q^^ , so is |A^| an 
eigenvalue of V^^ . 

^ 2 ____ ^ ^ 

The four matrix elements of V that occur in eqn l|6.3|l are < o| V^^^ la]* o > and < m| V^^|a} a/ > where 
i = 2,3,4. As the operator V^^^ does not change the total angular momentum J and magnetic quantum number M 
of the states \af m> and moreover the Hilbert spaces belonging to different J are orthogonal to each other, we can 
calculate the cases of J = and J = 1 separately. Since these Hilbert spaces for arbitrary spin t of the edges 63, 64 in 
general are (2j + 1)— and (6j + 1) x 3— dimensional for J = and J = 1, respectively (see also eqn (jB.lll and (|6.2(l for 
this ) this is a lot of work that has to be done. The diagonalisation of for the two most easiest cases (. — 0.5, 1, 
where the dimension of the Hilbert spaces in these cases is so small that we were still able to calculate the eigensystems 
of Q'^^ analytically, can be found in appendix^ Applying the eigenvector expansion, we obtain the following matrix 
elements'' for V"^^ 



£ = 0.5 


£ = 1 


<«20|^iJ«?0>-0 


<aMT/iJaOo>=0 




< "2 J^^l V^iJa} Af>= 


<alM\V^JalM>^0 


< alM\Vl^\a\M>=Q 


< a\ M Vj^^ \a\ M>= 


< a\ m\ YIj\ol\ m>= 



Surprisingly, all matrix elements turned out to be identical to zero. Therefore the operator tot('S't), at least for 
the spin labels £ = 0.5, 1, becomes the zero operator! Consequently,it is not consistent with the usual flux operator 
Ek{St) which is definitely not the zero operator. 

6.3 Case ^'^Ef^^^JSt) i.e. E^^' = det(e)e^ and V^s 

As pointed out before we have to take into account the linearly dependent triples. The total Vas is then given by 



Vrs — Vqiai + ^9234 + ^gi23 



9124 ' 



(6.11) 



whereby for each Vq^jj^ the operator identity Vq^jj^ = ^IQ^^ukI holds. If we consider the expression of Vrs in eqn 

(I6.11() together with the definition of the operators Oi,02 in eqn (|5.9|l . we can rewrite the operators Oi,02 in the 
following way 



0[ 



^134 ^234 ^134^234 + ^234 ^134 ~^ ^134^123 ~^ ^124^134 "I" ^234 ^123 ~^ ^124^234 + ^124^12 



QI.RS ^ y2 
^2 ''9134 



9234 



^234^134 + ^134^234 ~^ ^123^134 + ^134^124 + ^123^234 + ^234^124 + ^123^1216-12) 



Similar to Val we are restricted to the spin labels £ = 0.5,1 of the additional edges 63, 64, because for higher spin labels 



the matrices of Q^jj^^- cannot be diagonalised analytically anymore. Using the operator identity Vq^ 



we can, as before, expand each Vq^j^^ in terms of the eigenvectors of jj^^ and use that if is an eigenvalue of 
Qv^^ijKi then 1/1 I is also an eigenvalue of Kj^j^ 



< a 



la/ M>-- 




< a~ m\ e,- 



la, M> 



(6.13) 



The detailed calculations of the matrix elements of Oi , O2 can be found in appendix section El Here we will list 
only the final results. The matrix elements that are included in '■'^'Ef. t„t(S't) are precisely 
< a] m\ di'"^ \al M> where i = 3, 4 for £ = 0.5 and i = 2, 3, 4 if £ = 1, respectively. We get 



£ = 0.5 


£=1 


<a0o|0^"^|a? o>=0 


<aOo|Of^"-'|a; o>=0 




< al Allot"'' \a\M>= 


< alMlbl'"'' |a} A/>= 


< al Midi'"'' \al M>^ 


< alMlOi''"'' \alM>= 


<aiM|O^"''|a}M>=0 



*Note, that in the case £ = 1/2 the state \a\ A/> does not exist (see eqn 16. 2i for the definition of |oJ A/>. That is the reason why we 
do not have to consider this particular matrix element. 
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Consequently, similarly to our calculations before with V^j^, we obtain only vanishing matrix elements of Of'^*, Oi''^^ . 
Thus the matrix element < mi2 \ ''^'i?^, tot(<5't) |/?"o> is zero as well. Consequently, analogous to the case of Val 
'''^^k,tat{^t) becomes the zero operator. 

It is true that due to the absence of the factor e{e!, Cj, Ck) other orderings for the RS volume operator are available in 
which not V^^ but rather two fators of Vns sandwiched between holonomies appear and such orderings could potentially 
lead to non vanishing matrix elements. Unfortunately, all these orderings also lead to identically vanishing matrix 
elements as we prove explicitly in appendix IeI 



6.4 Summarising the Results of Case I 

The analysis of the last two section showed that either the operator '^'^^Ef. ^^^{St) nor the operator '"'^^Ej. ^^^{St) are 
consistent with the usual flux operator, because both of them are the zero operator. This is due to the fact that 
all matrix elments of the operators Oi,02 that occur in eqn (|6.3|l vanish. Since the action on an arbitrary SNF can 

^I,AL/RS 

be determined from the matrix element < (3^ mi2 \ tot i^t) o>, we know that the vanishing of this matrix 

^I,AL/RS 

element is equivalent to the fact that (St) becomes the zero operator. For this reason we can conclude, at 

least in the cases where we choose £ = 0.5, 1, that the choice of E'j^''{St) = det(e)e^ does not lead to an alternative 
flux operator that is consistent with the usual one. To rule out the choice E'^{St) = det(e)e^ completely, we need to 
investigate the matrix element for arbitrary representation weights £. For higher values of £ the calculation cannot 
be done analytically any more simply due to the fact that the roots of the characteristic polynomial of Hermitean 
matrices of the form Q = iA, = —A can be found by quadratures in general only up to rank nine. However, the 
results for £ = 0.5, 1 indicate that there is an abstract reason which leads to the vanishing of the matrix elements for 
any £. We were not able to find such an abstract argument yet. However, even if that was not the case and there 
would be a range of values for £ for which not all of the matrix elements would vanish, it would be awkward that the 
classical theory is independent of £ while the quantum theory strongly depends on £ even in the correspondence limit 
of large j. 

6.5 Case '^'''Ek,tot {St) i.e. El'" = 5det(e)e^ and V^l 

Considering the case of the operator {St), we can read of from can 15.91 the expressions Oi — ValSVal = O2. 

Hence, again we have to compute special matrix elements of the operators Oi, Oa- Since the signum operator S that 
corresponds to the classical expression S := sgn(det(e)) does not exist in the literature so far, we will in detail explain 
how the operator S has to be understood. 

6.5.1 The Sign Operator § 

We are dealing now with case II meaning that the densitised triad is given by E^'" — 5det(e)eJ!, where S det(e). 
Applying the determinant onto E^'" , we get 



k 

fc 

det(i;) = sgn(det(e))det((7) with det((7) = [det(e)]^ > 0. (6.14) 



Therefore, we obtain 

sgn(det(i;)) = sgn(det(e)) = S. (6.15) 

In the following we want to show that S — sgn(det(i?)) can be identified with the signum of the expression inside the 
absolute value under the square roots in the definition of the volume. For this purpose let us first discuss this issue 
on the classical level and afterwards go back into the quantum theory and see how the corresponding operator S is 
connected with the operator in eqn (|6.4() . 

In order to do this let us consider eqn l|4.14(l . This equation contains the classical volume V{Ry([j^) where i?„(n) 
denotes a region centred around the vertex v{n). 
The volume of such a cube is given by 



y(i?,(n))- J y/det{q)d^x = J y/\dct{E)\d''x, (6.16) 
where we used det(g) = | det(i?)| from eqn l|6.14|l . Introducing a parametrisation of the cube now, we end up with 



(a)) 



f 


dX'{u) 




duj 



y/\det{E){u)\d^u = / |det(X)| y/\det{E){u)\d^u. (6.17) 
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In order to be able to carry out the integral we choose the cube Rv{n) small enough and thus, the volume can be 
approximated by 

det(i^)(«) 



J3 



du 



^\dei{E){v)\. 



Using the definition of det(£') — ^eabc^-''^'' E'^ E^Ef , we can rewrite eqn as 

(fx 



y(it!„c)) = j ^j\^^eabce^^'E-ElE^ 



(6.18) 



(6.19) 



If we again choose Rv(u) small enough and define the square surfaces of the cube as S' , we can re-express the volume 
integral over the densitised triads in terms of their corresponding electric fluxes through the surfaces S' 



y(i?,C)) « \l y,,^e0^iE,{S')Ek{S-')Ei{S'^\ 



The flux through a particular surfaces S' is deflned as 

E,{S') = J E^n^J 



3 a. 



n'=0 



(6.20) 



(6.21) 



Here nf denotes the conormal vector associated with the surface S' . Regarding eqn (|6.20|l we realise that inside the 
absolute value in eqn (|6.2U|I appears exactly the definition of det(£'j(S'^)). Therefore we get 



y(i?„c)) « ^\dct{E,{S')) 



(6.22) 



On the other hand, by taking advantage of the fact that the surfaces S' are small enough so that the integral can be 
approximated by the value at the vertex times the size of the surface itself, we obtain for det(£'j(5^)) 

<let{Ej{S')) w det{E'^{v)nl' {vy^) 

= det(i?;(«))det(nf (z;))e'6 
= det{E{v))det(nf{v))e"^. 
If we consider the definition of the normal vector in eqn (|6.21f) .we can show the following identity 



3.23) 



s' 



det(nf ) = <let{Xf det(X-^) 



det(X)3 
det(X) 



det(X)^ 



Inserting eqn H6.24|l back into eqn H6.23|l we have 



det{Ej{S')) « det{E{v))[det{X{v))] 



2/6 



(6.24) 



(6.25) 



and can conclude that eqn H6.22|l is consistent with the usual definition of the volume in eqn (|6.18|) . 
Since we want to identify S :~ sgn(det(i?)) with the signum that appears inside the absolute value under the square 
root in the definition of the volume, we can read off from eqn (|6.22|l . that we still have to show sgn(dct(£^)) = 
sgn(det(i?j(5^))). However, this can be done by means of eqn (|6.25|l 



sgn{detiEj{S'))) « sgn{det{E{v))[det{X{v))fe"^) 

= sgn{det{E{v))) sgn([det(X(i;))]2) sgn(e'6) 
= sgn(det(£'(w))). 



(6.26) 



Consequently, we can identify S with the signum that appears inside the absolute value under the square root in the 
definition of the volume V in the classical theory, because it was precisely the expression dct{Ej{Si)) that was used in 
the construction of the volume operator, defined as the square root of absolute value of det(_E). In the quantum theory, 
we introduced the operator Q in eqn H6.4|l . which is basically the expression inside the absolute value in the definition 
of the volume operator. Hence, it can be seen as the squared version of the volume operator that additionally contains 
information about the signum of the expression inside the absolute values. Consequently, we can identify the operator 
Q^^ with Q^^ = ValSVal- Now we will be left with the task to calculate particular matrix elements for Q^^ which 
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can be done by means of the formula derived in ^H] ■ 

In order to apply the the operator S onto states expressed in terms of abstract angular momentum states, we have to 
use the T4^-map defined in eqn (|5.4|l . Classically it is the signum of dct{E) which is quantized by smearing the with 
surfaces upon which we obtain fluxes. Using that det{{Ej{S^))) w [det{{dX°' /du^))]'^ det{E°') as the surfaces shrink 
to a point v as we saw above, the signum of det(_E) is the signum of the determinant of the fluxes which in turn gives 

the operator Qy which is related to K by — \J \Qv\- Now Q^^ is given by 

Ql^^^ = Greg ^ ^(^^' 6^)6.,^ (j^^X^ J (zf^^f J (j^^^^fe^ ) ^ -^Creg^l ^ ^^z, ej, ) e., Fj, , (6.27) 

I,J,K I,.J,K 

because Ej (S) — i£p J2e '^i^' S)Xl. Applying the map W then simply transforms the Y into the J. Due to the global 

minus sign in the above equation, we will obtain a global minus sign in front of the whole operator ^'^^E^. {St)- Thus, 
the minus sign in eqn gets cancelled. 

6.5.2 Matrix Elements of 61, 62 in the Case of '"-Efc {St) 

For {St) the operators Oi,02 = ValSVal- We showed in the last section, where S was introduced, the 

following operator identity Q'^^ = ValSVal- Therefore calculating matrix elements of O1/2 is equivalent to calculate 

^ ^11, AL 

matrix elements of Q^'"- Hence, in order to get the matrix element for ''^'E'^, {St), we need to compute the matrix 
elements < o| Qt^l^i < ^t} ^\ Qt^Wi '^itli « = 2, 3, 4. And now one big advantage of the occurance of 

the sign operator S can be observed. In case I when we were forced to compute particular matrix elements of V^^ we 
had to calculate the whole eigensystem of Q^^ as a first step in order to use an eigenstate expansion for the matrix 

^ ^11, AL ^ 

elements of y^^. Here, since '^'ii^j, {St) includes matrix elements of Q^^ , we can use the formula derived in to 

get < o| Q^^\a\ o> and < a\ m\ Q^^\a\ m> and no involved diagonalisation of is needed anymore. 
Moreover, we are only considering matrix elements with |q;Jm> as an incoming state |q;Jm>. This state has the 
property that the intermediate coupling 02 of the edges Ci, 62 is zero. Thus, we have Je^ = — Je2 and therefore obtain 
in these cases 5134 = —$234- Hence we only have to deal with one of the triples. So, in our special case we get 

Qv — ^p^^C'reg (^(ei , 63, 64)^134 + e(e2, 63, e4)(7234) — O'ip-^Creg Q134, (6.28) 

where we introduced a = +1 for edges of type up and a = —1 for edges of type down. Moreover, we have chosen to 
take gi34 without loss of generality. In the following calculation we will consider the case of an up edge, so we choose 
(T = +1. The whole calculation is analogous for an edge of type down with the only difference that all subsequent 
formulae have to be multiplied by a factor of —1. Taking formulae^ for the matrix elements of 5134, $234 in eqn H6.6() . l|6.7|l 
and obtain the following result 



< al M 



< al M 



< al M 

The matrix elements do not depend on the magnetic quantum number M and are therefore identical for any chosen 
value of M. From eqn (|6.28|1 we can read off that the matrix elements of are given by eqn (|6.29l) multiplied by 
a factor of (iip^Creg) ■ Quite promising at this stage is the fact that the j and £ dependence of the matrix elements 
factorises, because it might be a slight indication that the whole £ dependence will cancel exactly in the end. With 

^11, AL 

the result of the matrix elements we can go ahead in computing the matrix element of '''i?^, {St) by inserting the 
matrix elements above into eqn H6.3() . 

^This formula was originally derived for gauge invariant SNF only, but can easily be extended to gauge variant states with a total 
angular momentum different from zero ll9| . 



I gi34 I a? M> 
I gi34 \al M> 
I gi34 la} M> 
I gi34 \al M> 



y/J{ITT)^/£{£TT) 



V3 



7!^^^ Vi{2£-^1) 



VS"^^"-^ V(^+l)(2^+l) 



(6.29) 
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6.5.3 Explicit Calculation of the Matrix Elements of <"£;fe (St) 

Multiplying the matrix elements in eqn H6.29(l by the necessary factor of (^iip^Creg) , inserting them into eqn H6.8|l 
and taking into account the global factor of —1 due to the M^— map of S, we obtain 

<(3^m,,\''^Ek,USt)\P"o> 



lim 7 — 



+i 



+i 



( 



%/2?^v/(Ff 1)3(2^- 1) yWTT {£{£ + 1) - 1) yWTS v/£3(2^ + 3) 
V3 ^£i2£+l) ~ V3 ^£{£ + 1) %/3 ^JFTTJiWTT) 



ly)} 



(6.30) 



where we put a global factor of (^p^Creg) '' ^ + 1) in front of the summation. In order to get rid of the 

(5— functions, we performed the sum over the indices C, F in the first term and the sum over _F, in the last term. 
Hence, only one summation is left. Compared to our starting point eqn H6.30|l . eqn (|5.12|1 has become effectively 
simplified. Nevertheless, for carrying out the last sum, we have to insert the explicit expressions for the remaining 
CGC. They are given by 



i= ^£{£ + l)~ B(B-i) 5rn,2 



< 1 



\£mi2+B> 



V2 
B (5mi2,0 



+ + 1) - B(B+1) S.fh,2, + 1 . 



< £ 17112+3 ; £ — (mi2+B) I 0> 



-B+mi 



V2ITT 



< 00;£c\£c> = 1 



< £c ;£ mi2-c 1 1 mi2> 



V^(I+T)(2l+T) 



- ^ ^£{£ + \)-c(c+i)5fH,2 

6mi2,0 



+ ^y/i{t+l)-c(c-i)5fn,2 



.+1 ) 



(6.31) 



If we insert these CGC into eqn (16.30(1 . we will get an additional factor of (—1)^ which, combined with the already 
existing factor of (— 1)^^, leads to a total of (— l)**^ — +1 and can therefore be neglected. Furthermore, the factors 
(— 1)^ and (—1)*^ are cancelled by the corresponding inverse factors included in the CGC in eqn (|6.31|) . Hence, we get 



<P^m,2rEk,USt)\l3''o> 



lim > 

\^<^^ ^ — ' 



3!2i 



Vt^S 



v/j(j + l) 



+1 



^£{£+l){2£+l) V3 

- ^ y/l{£+l)- B(B-l) 5rn,2 



Tk)B{fhi2 + B-) 



+i 



{7r£(Tfe)(c-S.i2)C 

c=-e 

' (2^-l)(^ + l) 
_{2£+l) £ 



~B Smi2,0 
+ v/^(^ + 1) - B{B+1) d^,,2, + l . 
+ + 1) - C(C+l)(5s.i2,-l ' 

+ C<5Ai2,0 

-75 + 1) - c(c-i) (5™,2,+i . 

{2£ + 3) £ 



- l- 



£{£+!) J {2£+l){£+l) 



(6.32) 



Here we have used (— l)2™i2 = j^i [jj tj^g first term, absorbed the factor of (— l)™i^ in a change of sign in the CGC 
for mi2 = ±1 and combined and cancelled square roots where appropriate. Fortunately, the expression in the square 
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bracket in the second sum is identical to one, so eqn (|6.32|l simplifies to 



V3|^(£+l)(2£+l) 



-71v/^(^+l)-s(s-i)<5s,i,,_i ' 



+e I -75 + 1) - c(c+i)(5fi,,2,_i 

> + X! '^«('^fc)(C-™i2)C -C(5,7li2,0 

+ + 1) - C(C-l) 5f„,2, + i 



(6.33) 



where we absorbed the minus sign in front of the second sum into the GCG. The tau-matrices for an arbitrary 
SU(2)-representation with weight £ are derived in appendix IbI 







+ 4.2} ^ 




-1 


+iSmi2..o6k,3 

. +71 '^'"12,1 - 


4,2} 


> , (6.35) 



T^t{Tl)mn = -i^ ^(^ + 1) - m(m - 1) 4i-n,l - i V ^(^ + 1) ^ "^(™ + 1) ^m-n-l 
T^l{T2)mn = V ^(^ + 1) ^ "^("^ + 1) 4i-n -1 - t{t + I) - m{m - 1) (5„i-n,l 

7rf(T3)mn = -2 « m (5„j_„^o- (6.34) 

Taking a closer look at the structure of these tau-matrices, we realise that a different choice of fhi^ in eqn H6.33|l 
projects onto different tau-matrices, e.g. only 7r^(r3) will contribute to the case rn-ia = 0, while in the case Wia = ±1 
only 7r£(ri) and 7r^(T2) have to be considered. Formulating this fact in terms of (5— functions and using the explicit 
expressions for the tau-matrices in eqn (|6.34(l . we obtain 

Vt^Sf ^ — 1/3 

I 

whereby we used B'^ ^ + \){2l ^ \) . 

Now we want to take the limit limg^o hm^'^o The discussion in section 14.31 showed that taking the linie'^o (that 
is equivalent to limp^^St) is trivial and taking the limc^o leads to an additional overall factor of 1/2. So, when 
calculating the action of the alternative flux operator on the state |/3°o>, we use the expansion 

^ +1 ^ 

'^'i?fe,,„,(^) !/?%>= </3'-i2|<^'i?fc,.„.(^)|/3%> |/?imi2> (6.36) 

j?li2 = -l 

and end up with the final result 

-€:1as)\p\> = -^^^^y7(7TT){|/3^-i> -|/3Vi> } 



- II ,AL 



V6 

3\8i£lCre 



<^'i?2,„. {S)\f3"o> = — -^vWTT){l/3^-i>+l/3^+i> } 

'''eZ1aS)W°o> ^ -^}^^^AjiI+^)\P'o> . (6.37) 
Remarkably, in the final result the ^-dependence drops out completly. 

^11. RS ^ 

6.6 Case ''^Ek,tot (St) i.e. El''' = 5det(e)e^ and V^^s 
In this case the operators Oi , O2 have the following form 

01 = +^gi34'5^9l34 + ^g234'5^g234 + ^gi34'5^g234 + ^9234'5^gi34 + ^9134 '^^q 123 + ^gi24'5^9l34 + ^9234 ^9123 

+ ^124'^^234 + ^124*^^123 

02 = +^gi34'5^gi34 + ^g234'5^9234 + ^9234'5^gi34 + ^9l34'5^9234 + ^9123 '^^9134 + ^9l34'5^9l24 + ^9l23'5^9234 

+ ^^92345^^9124 + ^^9123^^9124 (6-38) 

But, before continuing we want to discuss some difficulties that occur if one uses the volume operator Vns in this case. 
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6.6.1 Problems with the Sign Operator S in the case of RS 

When we introduced the quantisation of 5 —> 5 in section 16.5.11 we reahsed that S has a precise relation to the 
operator i.e. Q^^ = ValSVal- However, this was possible, because Val sums over the triples inside the absolute 
value under the square root ( see eqn 14.23() ). In constrast, Vns, defined in eqn (|4.21l) consists of a sum of single square 
roots. Consequently, we are not able to repeat the calculations done in section IB. 5. II if we choose Vrs, because there is 
no possible origin for a sign. This means, there exists no signum operator S that is quantised in the same way V^s is 

quantised. Accordingly, in a strict sense the operator {St) does not exist, because S can not be implemented in 

the quantum theory just using the regularization that leads to Vrs- The conclusion is that ^""'Ej. (St) is inconsistent 
with the usual flux operator. In retrospect there is a simple argument why the only possibility '''^Ef. ^^^{St) (since 

^11, RS ^ 

**'-^fe tot i'^t) does not exist) is ruled out Vrs without further calculation: Namely, the lack of a factor of orientation 
in Vrs, like e(ej,ej,eK) in Val, leads to the following basic disagreement with the usual flux operator. Suppose we 
had chosen the orientation of the surface S in the opposite way. Then the type of the edge e switches between up and 
down and similarly for ei, 63. Then, the result of the usual flux operator would differ by a minus sign. In the case of 
Val we would get this minus sign as well due to e(ej, Cj, Ck), whereas a change of the orientation of Ci, 63 would not 
modify the result of the alternative flux operator if we used Vrs instead, because it is not sensitive to the orientation 
of the edges. 

A way out would be to use the somehow 'artificial' construction VrsSalVrs, where S denotes the signum opera- 
tor S introduced in section 16.5.11 We attached the label AL to it in order to emphasize that its quantisation is in 
agreement with Val- This is artificial for the following reason. Suppose we have a classical quantity A := det(£') 
and two different functions /i := y^j^f and /2 '■— sgn{A). If we want to quantise the functions /i and /2, we do this 

with the help of the corresponding operator A and obtain due to the spectral theorem /i = \A\ and /2 = sgn(A). 

The product of operators VrsSalVrs rather corresponds to gi ~ A' and g2 — sgn(A), because V^s is quantised with 

a different regularisation scheme than S is. This would only be justified if \A\ and A' would agree semiclassically. 
However they do not: If we compare the expressions for Val and V^s then, schematically, they are related in the follow- 
ing way when restricted to a vertex: K„ai, = | ^C^eg e(e,,e.,,eK)?7,7K|^/^ while K,Rs = l^CregQuKl^^^ ■ 

I<J<K I<J<K 

It is clear that apart from the sign e(ej, Cj, e^) the two operators can agree at most on states where only one of the 
QuK is non vanishing (three or four valent graphs) simply because y^\a + b\ 7^ ^/H" + \/\b\ generic real numbers 
a, b. 

6.6.2 Matrix Elements of Oi, 63 in the Case of '^'^E,.'^ (St) 

■^11, RS ^ ^ ^ 

Nevertheless, we can analyse whether ^^^E^^^^ [St) inlcuding VrsSalVrs is consistent with the usual flux operator 
Ek{S). 

^11, AL ^ 

In the case of '•'^'E^. {St) no diagonalisation of the Q^^ matrices was necessary because of the operator identification 

Qv^ = ValSVal- Since this is not possible for {St) we have to diagonahse the Q^'^^,,^- in order to get the 

eigenvalues and eigenvectors. Then we can compute the matrix elments for instance < a2 a/| Oi ja^ m > by an 
eigenvector expansion for each operator contained in Oi 

< a\ M\ n,,,.5i> |a? A/> = ^ < aO m| \ol> < a'\S \a"> < a"\ ja? a/> 



\a'>,\a"> 

E 

\a'>,\a"> k,k',k" 



^ <al m\ Vq^,^ I efc> < efe | a'> < a'\S |4'> < 4' | a"> 



< a"l Vqrji, I ek"> < 4" |a? a/>, (6.39) 

whereby \ek> are the eigenvectors of the corresponding operators and \a' > are all states belonging to the Hilbert 
space H' ■ We calculated the matrix elements < a2 m\ Oi \a1 Af>, < m\ O2 \a\ m>, < a\ a/| O2 la} a/> that occur 
in eqn 1)6.3(1 for £ — 0.5. The details can be found in appendix IeI The results are shown below 

< a°2 m\ 6f^ |a? A/> = Ci{e) < a§ a/| |a? m> 

< al m\ Of ^ \al M> = Cz{j, £) < m\ O^^ |a} m> 

< al m\ Of ^ \al M> = Ci{j, £) < al m\ Of ^ |a} a/> (6.40) 
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Here Ci{£),Ci{j,i) G K, and the explicit expression can be found in eqn (|E.82|I and eqn (|E.105|I . Furthermore we 
expressed the matrix elements in terms of the associated AL-matrix elements, because the whole calculation has 

already been done for ^"^Ej^ (St) and therefore in this way of writing we can easily note where differences occur. 
Ci{j,i) are real constants whose values depend on the explicit value of the spin labels j and £. In the case of 

^ II, AL 

'''-^fc tot i^t) we could see that the whole dependence on the spin label £ drops out in the final result. Hence, if in the 

^11, RS ^11. AL 

case of '^"'Ef. (St) we obtain not exactly the same matrix elements as for (St), we already know that the 

^-dependence will not be canceled in the final result here. The j— dependence is basically caused by terms proportional 
to {\/ j{j + 1) + c)(-\/j(j + whereby c € W. Thus semiclassically, i.e. in the limit of large j, the numerator and 

the denominator become equal and accordingly the j-dependence vanishes, Ci(j, (.) — > Ci{t). By reinserting the matrix 

-^11, RS 

elements from eqn (|6.40() into eqn (|6.3() and repeat all the steps of the former '■'^'E^. {St) calculation for £ = 0.5, we 
end up with 





£2 










''CIV)l/3°o> = 










V3 



-JO{j, I) Greg 1/3' 0> . (6.41) 

Here, C{j,£) S R with C{j,£) — > C{£) semiclassically and 
C(l) 



2' "^2' \ £{£+l)J '2' V(2^+ 1) (^+ 1) 



(6.42) 



£=0.5 



The functions Ci{£), C2 (i?) , C3 (i?) , C4 (£) can be computed analytically only for £ = 0.5, 1. Note, that C2{£) is zero for 
£ = 1/2 since the state \al m> does not exist for £ = 0.5 (see eqn (jD.Sp ). For this reason it does not occur in eqn 
(|6.42|l . However, suppose we would know this constants the precise £-depence of C{£) would be 

Since the ^-dependence of Ci {£) should be result from the ^-dependence of which is non-trivial in general, it is 

^ II, AL 

very unlikely that the whole ^-dependence is canceled for arbitrary £ as in the case of '^"'Ej^ (St), where Ci{£) = 1 
for i = 1,2,3,4. 

Thus, we conclude that the volume operator introduced by Rovelli and Smolin is not appropriate to reproduce the 
result of the usual flux operator Ek{St) and can therefore not be used to construct the alternative flux operator. In 
other words, the RS-operator is inconsistent with the fundamental flux operator on which it is based. 



6.7 Summarising the Results of Case II 

-^II.AL ^ ^ 

Considering the operator '^'-Ej, {St) the operators Oi, O2 whose matrix elemnts are included in eqn 16.311 are given 
by Oi = O2 = ValSVal- Thus we have to implement the signum operator S = sgn(det(e)) — > 5 on the quantum 
level. In section IH. 5. II we showed in detail that S has a well defined relation with Q^^, in particular S = sgn(Q^^). 
This relation is equivalent to the operator identity = ValSVal- Consequently, it remarkably turned out that 

the operators Oi,02 are identical to the operator Q^'" in the case of {St)- Along with this comes the nice 

side eflECct that thus a diagonalisation of the operator is no longer necessary since now the matrix elements of 
instead of matrix elements of Val contribute to the calculation. Therefore, we can apply the general formula 
for matrix elements of Q^^ derived in [XSj, even for arbitrary spin labels I, and we are done. The expression for the 
matrix elements of is given in section [6. 5. 21 in eqn 16.29|l . By reinserting these matrix elements into eqn (|6.3(l and 

^11. AL 

follow the intermediate steps discussed in section l?).5.3l we end up with the final result in eqn l|6.37|l . For '•''^Ej, {St) 
the whole dependence on the spin label £ that is associated with the two additional edges 63, 64 drops out in the final 
result. Hence, the result is independent of the chosen respresentation of the holonomies in the alternative flux operator 

^ II, AL 

''>E,^,^, {St)- 

^11, RS ^ ^ 

In the case of '^'-Efc {St) the operators Oi,02 have quite lengthly expressions that can be found in eqn H6.38|l . 
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Oi,02 are both given by a sum of operators that have the form Vqjjj^SVq-j^, whereby Vqjj^^ denotes the operator 
Vns when only the contributfon of the tripel {ei,ej,eK} is considered. In contrast to Q^^ , for ^ Qv^uk relation 

UK 

with the signum operator S can be derived. This fact is dealt with in section I6.fi. II Consequently, it is impossible 
to quantise S in an analogous way as Vhs is quantised. This is a big difference to Val where S and Val could be 

-^11, RS ^ 

quantised in the same manner. Therefore, the operator ''^'-E^. (St) cannot be defined rigorously since iS does not 

^ ^11, RS ^ 

exist for Vhs. Thus, the operator (St) is inconsistent with the usual flux operator Ek{St)- 

Nevertheless, we analysed the artificial construction VhsSVal for ^"^Ef.^^^^ (St)- It is artificial, because the opera- 
tor Vrs an the operator S are quantised with respect to different regularisation schemes and are not semiclassically 
consistent with each other. The results are shown in eqn (|6.41|l . 

In the next section we will calculate the matrix element of the usual flux operator Ek{S) in order to compare it with 
the results in eqn (|6.37(l and eqn (|6.41(l respectively afterwards. 



7 Matrix Elements of the Usual Flux Operator Ek{S) 

In this section we will calculate the action of the usual flux operator on our SNF |/3° o> that was used through all 
the calculations of the alternative flux operator before^. If we want to use the technical tools of angular momentum 
recoupling theory (e.g. CGC) we have to apply the VF-map in ean l5.4l to all states in the SNF Hilbert space in order to 
justify to work in the angular momentum system Hilbert space. Therefore a matrix element of the usual flux operator 
is given by 



As has been pointed out before, this mapping is similar for the alternative and the usual flux operator. Therefore, 
we only will consider the matrix elements of Ek in the abstract angular momentum system Hilbert space here. Since 
the inverse of TTi{e~^) exists, a possible difference between the usual and the alternative flux operator can only occur 
in the matrix element in the abstract angular momentum Hilbert space. Throughout this section we will neglect the 
additional indices m', m[ of the states mi2> as we did in the calculation of the alternative flux operator. Working 
in the abstract angular momentum system Hilbert space now, we can re-express the action of Ek{S) in terms of angular 
momentum operators of which the actions on the other hand are well known for states expressed in the tensor basis. 
Thus, it is suggestive to transform the recoupling states |/3° o> back into the tensor basis and afterwards apply the 
operator Ek{S) onto it. Thereafter we have to reformulate the result again in terms of the recoupling basis in order 

to be able to compare this result of the usual flux operator with the calculations oiEk{S) in the last sections. 
The state 1/3*^ o> transforms into the tensor basis according to the following linear combination 



+j 



1/3° o> = ^ < j m,j ~ m\00> \jm-m'^^>ei <»\jm;m'^2>e 



+i 

E 



(7.1) 
(7.2) 



where we have used the explicit expression for the CGC < j m,j — m | >= ^ ^2j+i ■ Furthermore, the two edges Ci 

and 62 of our graph 7 couple to a resulting angular momentum = 0. Therefore, we have J^_^ — —J^^- Additionally, 
the tangent vectors ei{t) and 62 (t) have opposite orientations with respect to the surface 5, from which follows that 



® Notice that it so happens that for O = VSV = Q an expUcit diagonaUsation of Q is not necessary so we may refrain from using 
the recoupUng basis and can work directly in the tensor basis. The associated calculations are of a similar length but sidestep the use of 
CGC's and hence may be used as an independent check of our result. We did this and the result completely agrees with the recoupling 
basis calculation. However, for O = 7^ Q it is necessary to diagonalise Q and the use of the recoupling basis becomes calculationally 
mandatory, which is why we have done all calculations in this paper in the recoupling basis. 
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e(ei, S) = — e(e2, S) = a, where a = +1 for edges of type up and a = —1 for type down edges. Hence, we obtain 
Ek{S)\f3%> - -^el [e{e„S)J^^+e{e,,S)J^^] \f3° o> 

m——j ^ 

= --7^^ E (-ir™(^Jj"i;<>e,) ®|j - m;m^,>e, • (7.3) 

By applying eqn (|7.3|l . we calculate the action of Ek{S) on our SNF for each fc = 1, 2, 3 separately with the case k = 1 
being the first one. From elementary quantum mechanics we know that we can introduce ladder angular momentum 
operators and J~ defined by J+ :— + iJ^ and J~ := — iJ^, respectively. Hence, we can express as 
= ^(J^ + ^ ). The action of the ladder operators on a state in the abstract spin system \ jm;m'> with spin j 
and magnetic quantum number m is given by 



J'^ \j m ; m'> = \/ j{j + I) — ni{m + 1) \ j m + 1 ; m'> 

(7.4) 

J~ \j m ; m'> = \/ j{j + 1) — m(m — 1) \jra—\: m> . 

Therefore, by means of eqn (|7.3|l we obtain for the k ~ 1 component of the flux operator Ei{S) acting on the SNF 
1/3° o> the following result 

E,{S)\f3"o> = --3^ E (-l)-'-™(j^Jjm;m',^>e,)®|j -m;m',^>,, 

f. +0 



2V2JTT ^ / 

I + \/j(i + 1) ^ m(m + 1)1 j m + 1 ; mg^>e^ (g)| j — m : m'^P'e^ 

+ + 1) - "l("^ - 1)1 1 ;mg^>ei (gilj -m;mg^>e2 |. (7.5) 

We wish to express the final result in terms of recoupling states. Consequently, we have to transform the tensor 
product I j m ± 1 ; mg^>ei J — m ; 'm'^^>e2 back into the recoupling basis. 



|jm+l;m'>,, ®|j -m; - m'>,, ^ -(-1)^ V 2 \/ j(j + l)(2j + 1) 

+ E] < Ji2 = 1 1 j "T- + 1; i — '7i> 1/3-'^^ 1> 
ii2=2 



I ■ -, / I ■ / / iM--m /3 / j(j + 1) — '^("^ — 1) I ^1 

bm-l;m'>e, -m; -m'>e, = (-1)^ V2V ,(J + 1)(2, + 1) 

+ < ji2"i2 = 1 1 1; j - m> 1/3^^^ -i>, (7.6) 

ii2=2 

where we used the definition \l3^'^^ mi2>:= | Oi = j aa = ji2 1TI12 m!^^ m'^^ > as we did during the whole calculation of 
the new flux operator. We want to expand the action of Ei{S) on |/3° o> in terms of the states |/3^ mi2> 

+1 

Ei{S)\l3%>= J2 < /?^»i2|i?i(S') |/3%> |/3^nl2> . (7.7) 

rni2 = -l 

As the next step we insert eqn (17.611 into eqn (|7.7|l . As ji2 denotes the total angular momentum of the state 
1/?-'^^ "112 >, we know that two states with different values of ji2 and are orthogonal to each other, meaning 
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< P^^^ mial/?''^^ mi2>= S^^^ jj^2^mi2.mi2- Taking this into account, we obtain 



J12-J 

+3 



^"^ 2V2jTT^4lA ^ ^ V2Y j(j + l)(2j + l) 

+ V2\/ ,0- + l)(2, + l) 

= -i|y7(7TT){|/3i-i> -|/?ii>}. (7.8) 



Here we used (-1)20-™) = +1, as (j - m) e Z and = (l/3)i(j + l)(2j + 1) 



c 



Analogous to J^, we can formulate in terms of ladder operators = 57 (J^ — J )• Hence, the action of the k = 2 



component of the flux operator E2{S) acting on j/?*' o> is given by 

E,{S)\f3%> = --^^ E (-ir™ [J!^\jm;m[>,,) ® \j -m-.m',>. 



^ m——j 



0I +J 

^ = y (-1)^ 

2iy2jTT ^ 

m=-j 

I + \J ]{] + 1) — m(m + l)|j m + 1 ; m'>ei — m ; TO2>e2 

-Vi(j + 1) - "l(m - l)|jm - 1 ;m'>ei - TO;m2>e2 |. (7.9) 

Again, we want to transform the appearing tensor product |j m ± 1 ; TO'>ei ®\i — m ; m2>e2 into the recoupling basis 
by means of the necessary CGC that can be found in eqn (|7.6|l . Inserting eqn (|7.6(l into the equation above and taking 
advantage of the orthogonality relation concerning different m's and i'jS, we get 



"^"'^ V2\/ ,(.- + l)(2, + l) 

= -!|v/7(7TT){|/3i-i> +|/?ii>}, (7.10) 

where we again used (-1)20-™) = +1, as (j - m) e Z and ^ (l/3)j(i + l)(2i + !)■ 

It remains to calculate the k = 3 component of Ek{S). This case is easier than the other two components as J^^ does 
not change the magnetic quantum number m. Rather \jm,;m'> is already an eigenstate of J^_^. 

J^\j m>^ m\j m> . (7.11) 
Using the eigenvalue above, we can evaluate the action of £'3(5) on the SNF o> 

E3{S)\P\> = -^^^ i (-l)^"-™(j^Jjm;m>,,)®b- -m;m>,, 

= y {-ly^"^ m\jm-m[>e-^ - m-m'^>e2 (7-12) 



«2 +3 

V2J + 

^ rn——j 



As we have a different tensor product \j m ■,m[>ei — m ■,m'^>f,^ than in the k ~ \,2 component case, we will 
consequently have a different expansion in terms of the recoupling basis states, in particular different in terms of the 
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\j m ■,ni[>ei <8)|i — m:,m!^>e2 — H — o> 



1/3' o> 



appearing CGG. 

(-l)J-™ 

^v7(JTi)(2j + i) 

+ ^ < ii2 mi, = I j m ; j ~ m> l/JJ^^ o> (7.13) 

Here, we can neglect the first two summands in eqn (|7.13f) .As for the fc = 1,2 component, we will expand the final 
result in terms of the states |/?^mi2> (see also eqn (|7.7|) for this). Because |/3°o> and \(3^ mi2> are orthogonal to 
each other, the scalar product < TOi, 1/3*^ o> vanishes. Additionally, the first summand in eqn H7.13|l leads to an 

+] .... 

expression proportional to ^ m = when inserting it into eqn H7.12|) . Therefore, we will just consider the second 

summand of eqn H7.13|l as all the other terms of the remaining sum vanish as well, because of the orthogonality relation 
concerning ji2- Hence, we get 



2V J(J + 1)(2J + 1) 



= --|yj(JTT)|/3io>, (7.14) 

j 

where we have taken advantage of the fact that (— l)2(i-™) = as [j — ni) £ Z and used ^ — {l/3)j{j + 

l)(2j + 1). Summarising the results of this section we can extract from eqn l|7.8|l . l|7.10|l and (|7.14(l the following results 
for the three components of the flux operator Ek{S) 

E^iS)\p\> = ^^VJiI+^){\P'-^> - 1/3' +i>} 
i?2(5)|/3%> = -^V7(7+T){l/3'-i> + 1/3' +i>} 



2 



EsiS)\p%> = ~-J=Vjij + T)\p'o> (7.15) 

8 Comparison of the Two Flux Operators 

^II.AL ^11. RS 

By comparing eqn (|7.15|l with the results for {St) in eqn (|6.37|) and the results of {St) shown in ewn 

^11, AL ^11, RS 

(|6.41(l respectively, we can judge whether our new constructed flux operators '^'i?^ {St), ''"'Ef. {St) are consistent 
with the action of the usual one Ek{Sy . 

^ II, AL 

Let us first discuss the operator ''^'-E^.^j^t {St)- It transpires that 

'"Cir(5)|/3°o>= 3!8ae3-Bfe(5)|/3%> (8.1) 

Therefore the two operators differ only by a positive integer constant. As there is still the regularisation constant 
Creg in the above equation we can now fix it by requiring that both operators do exactly agree with each other. In 
fact there is no other choice than exact agreement because the difference would be a global constant which does not 
decrease as we take the corresponding limit of large quantum numbers j. Thus, we can remove the regularisation 
ambiguity of the volume operator in this way and choose Creg to be Creg '■— ^ — jg,- 

This is exactly the value of Creg that was obtained in [H] by a completely different argument. Thus the geometrical 
interpretation of the value we have to choose for Creg is perfectly provided^ 

^I,AL ^I,RS 

''The operators '''^-fe.tot (-St) and '^'-E^ toti^t) have been ruled out before since they are the zero operator and not consistent with the 
usual flux operator Ek{S). 

*The factor 8 = 2^ comes from the fact that during the regularisation one integrates a product of 3 5— distributions on R over 11+ only. 
The factor 6 = 3! is due to the fact that one should sum over ordered triples of edges only. 
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Note that the consistency check holds in the full theory and not only in the semiclassical sector. Consequently, the 

^ II, AL 

operator {St) is consistent with the usual flux operator. 

^11, RS ^ 

Now, considering the operator '''-Ej, (5*4) things look differently. Here, a quantisation that is consistent with V^s of 
the signum operator S cannot be found. Accordingly, we should stop here and draw the conclusion that ^''"'E). (St) 

^ ^ ^ ^ ^II.RS 

is not consistent with Ek{S). A way out of this problem is to use artificially VrsSalVrs for '^^E^ tat i^t)- In doing so, 
we obtain 

'''eZ1AS)\P° 0>= C{3,i)CregEk{S)\P%>, (8.2) 

whereby C{j,£) G K, is a constant depending on the spin labels j,£ in general. Precisely, the dependence on the spin 

■^11, RS ^ 

label j causes a discrepancy of (St) with respect to Ek{S). But since C{j,£) C{£) semiclassically, i.e. in 

-^11, RS 

the limit of large j, which is shown in appendix E and discussed in section 6.6.2 of of [211) '^'-E-fe tot i^^t) including 
the artificial operator VrsSalVrs is consistent with Ek{S) within the semiclassical regime of the theory if we choose 
Creg = ^/C{£). Unfortunately, C{£) has a non-trivial £ -dependence which is inacceptable because it is absent in the 
classical theory. Moreover, we do not see any geometrical interpretation available for the chosen value of Creg in this 
case. One could possibly get rid of the ^-dependence by simply cancelling the linearly dependent triples by hand from 
the definition of Vas- But then the so modified V^^ and Val would practically become identical on 3— and 4— valent 
vertices and moreover now depends on the differentiable structure of S. 



9 Uniqueness of the Chosen Factor Ordering 

Since the analysis here holds for Val as well as for Vas we neglect the explicit labelling in this section. Now, we want 
to discuss to which extent the factor ordering chosen by us in section r4.3l is unique. For this purpose let us go back to 
eqn (|4.6|1 . Instead of using the classical identity shown in that equation we could have used the following identity 

<X(^t) = lini E ^ksA{At,ViK^n))}S{AlV{R,^n))} (9.1) 

De-Pt 

_ y V- 16 1 1_ 

Tr (ne{T,)TTfXhe,) {ne{h-^^),ViR^^a))}) Tr 

(9.2) 

where we used Tr (7r^(Ts)7r^(T^)) = —^2£{£+ !)£{£+ l)6s.s'- Surely, the operator corresponding to eqn 14. 6|) would 
lead to a flux operator with a trivial action so far, for the reason that only one edge is added to j/?*^ o> before V acts. 
Nevertheless, as the holonomies commute classically, and additionally the trace is invariant under cyclic permutations, 
we are allowed to insert a well chosen unitary matrix in every trace. 

Tr 



(^,(Tt)7r,(/ieJ {t^AK!), V{R,^a))} ) = Tr ^MrMheJ {TrdK,'), V(i?,„c))} 7Te{heMh-')) 

= Tr (7:e{h-^')Mrt)MheJ {MK!),V{R,^a))} niiK,)) (9.3) 



Considering the trace that includes the signum factor S, we note that we have to insert two unitary matrices here, in 
order to avoid a trivial action of the corresponding operator. Accordingly, we end up with 

^'^EliSt) = lim J2 ^k.t^{AlV{R,^a))}S{Al,V{R,^a))} 

r^t — ^Ot ^ K 

Devt 



16 1 1 



Tr 



{j^eihei^)-^iiTs)Triihes) {tT^ (/igg^ ) , F (i?^,(n) ) } TTe{he 

(21+1) 

7Tl{h 

)'^t-{^ei ) 

TY(TT,{h-^)^,{Tt)TTt{he,){T^dh-l),V{R,^U))]MK,)^, (9.4) 
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When we apply the formahsm of canonical quantisation now, we get an operator with a different factor ordering than 
the one we used before 



* ' ne-Pt 
Tr 



1 



|^(^+1)(2^+1)(2£+1) 



Tr ['^t{he^)'%i,{h^^) 



Tr 



S 



(9.5) 



Hence, the matrix element of '•''^Ei,{St) can be calculated in the following way 

< ™,.| <^'i?,(50 |/?° o> = hm ^^'^■^ ' 



|^(£+1)(2^+1) (2^+1) 



+1 



</3%| Tr(^,(;ie4)^£(^r3')^l(2.+ l)^f(/le3)?ff(/l~')) |/?'K2> 

(9.6) 

In order to show why this factor ordering is not appropriate to construct an alternative flux operator, we take a closer 
look at the trace terms, for instance the one on the rightmost side. Carrying out this trace leads to 



< 



.!^-^k£i£(.;i)(2. +!)-(-)- 



(9.7) 



However, this is exactly the expression of the former operator in eqn H4.26|l with the small but important difference 

that in this case the operator O = {VSV,V^} is replaced by the volume operator V itself. As and the operator 

V have the same eigenvectors, we can conclude from the discussion about the case where O = in section and 
^1 

in appendix IdI that the matrix element is zero. Consequently, the whole flux operator **'i?^(S't) has a trivial action. 
Therefore this factor ordering cannot be used. Moreover, one can show that the other trace terms vanish as well, so 

that the trivial action of '~^^Ef,{St) is not only due to the disappearing of the matrix element which we took as an 
example. 

Another idea could be to put an additional trace including additonal holonomies around the already existing traces. 
We did this for a trace including one more holonomy and calculated the case where all three edges that are added to 
1/3° o> carry a spin label of ^ = ^ and it turned out that the result is zero, too. 



10 Conclusion 

In contrast to our companion paper '20', we focused in this paper on the technical and mathematical aspects of the 
consistency check. By following the technical details step by step we hope to have provided a possibility to present, 
among other things, the robustness of this consistency check. For instance the fact that case I where the densitised 
triad is given by E'^ = det(e)ej! leads for Val as well as V^s to an alternative flux operator that is the zero operator 
could not have been guessed from the outset. This seems to be caused by an abstract symmetry of the volume operator 
that we are not aware of up to now. We would appreciate if one could understand this issue from a more abstract 
perspective. Nevertheless, since the quantisation of the momentum operator ifi^ on L2(Il^,da;) is also not possible, 
the result that E^ cannot be considered as a 2-form fits perfectly well. 

Quite unexpectedly, the quantisation of the signum operator becomes necessary in order to perform the consistency 
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check. Furthermore, the expHcit relation to the operator Q^^, namely, S = sgn(Q^^) wich is equivalent to the operator 
identity = ValSVal, provides us with i) the possibility to perform the check for arbitrary spin labels i thanks to 
the techniques developed in \W\ and ii) to draw the conclusion that Vas is not consistent with the usual flux operator, 
because there is no way to quantise a signum operator by using the regularisation that was taken when Vns was 
defined. Even the artifical construction where one uses VrsSalVrs leads to an alternative fiux operator that differs 
from the usual one also semiclassically since it contains a regularisation constant still dependent on the spin label i. 
By comparing the detailed calculation of case I and II one realises that the signum operator S roughly speaking acts 
like a "switch" which either leads to cancellation or survival of terms in the eigenvector expansions. 

The regularisation of the alternative and the usual flux operator is based on the same method and it turns out 
that the classification of edges in types up, down, in and out that is sensible for the usual flux operator, is also 
meaningfuU for the alternative one. Moreover the meaning of the limit as we remove the regulator and to define the 
alternative flux operator has to be understood in the same way as for the usual flux operator, otherwise the alternative 
flux operator is identical to zero. Moreover, without the additional smearing we would be missing a crucial factor of 
1/2 and our C'reg would be off the value found in 

The correspondence between the Ashtekar-Lewandowski (T-Cal) and the abstract angular momentum system Hilbert 
space has to be taken into account and has a large impact on the flnal result. If we had not introduced the unitary 
map W that allows us to transfrom between Hal and the abstract angular momentum Hilbert space the result of the 
alternative flux operator would differ from the result for the usual one. 

Finally, all the ^-dependence cancels at the end. Since many ^-dependent terms are involved in the calculation as 
for instance Clebsch-Gordan coefficients, tau-matrices and the matrix elements of Q^^, this is rather astonishing and 
demonstrates that all the ingredients of this consistency check fit together harmonically. 

This paper along with our companion paper is one of the first papers that tightens the mathematical struc- 
ture of full LQG by using the kind of consistency argument that we used here. Many more such checks should be 
performed in the future to remove ambiguities of LQG and to make the theory more rigid, in particular those connected 
with the quantum dynamics. 
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A Proof of Lemma 15.21 in section 15.21 

In order to keep the proof comprehensible, we want to express the CGC in eqn H5.13|l in terms of Wigner-3j-symbols, 
because the symmetry properties of the Wigner-3j-symbols are easier to handle than the one of the CGC itself^ . The 
relation between the CGC and the corresponding 3j-symbol is given by 

Replacing the first CGC in eqn l|5.2|l by the corresponding 3j-symbol and using the definition of Tre{e)E_E, we get 
+i 

'!ri{e)E-E < ji2mi2;iE\a3mi2+E> < a3mi2+E;£-E\Jmi2> 



E=-i 



^1)-+-V2^ . ) < a.m,2.Ea-E\Jm,2> • (A.2) 



^Notice that we already used the replacement I = —E in the lemma. We could have left both indices E,I independent, but due to 
TTi{e)Ei = (— 1)*~^<5e+/,o all terms in which I —E will vanish anyway. 
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( 7i2 ^ \ . 

With the help of the symmetry properties of the 3j-symbol, we are able to show that -^^^ ^ \ propor- 

Y 77112 E —[mi2+E) J 

tional to the CGC < 03 mia+B ; i-E \ ji2 mi2> 

\mi2 E -[mi2+E) J 

Hence, rearranging the equation above leads to the desired proportionality 

L E -im...E) ) VlCT < ^ I ■ (^-4) 

The next step will be to insert eqn (|A.4p into eqn l)A.2(l in order to use the orthogonality relation of the CGC for the 
remaining two CGC of the rewritten version of eqn (jA.2|l 

+1 

TTe{e)E-E < J12 "1-12 I mi2+-E> < 03 mi2+£;;^--B I Jmi2> 

(A.5) 

= (_l)-^-3a3-ji2 V2a^ ^ < m,, \ a, m,,+E ; £- EX a, m,,+E ; £- E \ J m,,> , 

^ ■'^^^ E=-i 

where we utilised that the CGC are real by convention in the last step. Now, we can take advantage of the orthogonality 
relation of the CGC which is given by 

i 

< jl2TOl2 I 03 mi2 + E;£-E> < Uli^+E ; £~E \ J mi2>= ^Jji2 {Smi2,-3l2 + '^mi2 -J12 + I + ■•■ + '^"112^12) • (A.6) 

E=-e 

Replacing the sum in eqn (|A.5|1 by the means of eqn (|A.6(I . we are able to show that lemma H5.2(l is true 

+e 

TTi{e)E-E < ji2 mi2 I flg Wi2+-E> < 03 mi2+B ;^--B I Jmi2> 

E=-e 



= (_l)-.i2-^-3a3^^g^ (5™i2.-..2 + S„n.,-n.+i + ■■■ + 5,n,2,n.) ■ ■ (A.7) 

V2ji2 + 1 

B Tau-Matrices in Arbitrary Representation with Weight I 

In order to be able to define the alternative flux '■"'EkiS) on the classical level, we need to derive the matrix elements 
'^i{Tk)mn for the three tau-matrices in an arbitrary representation with weight £. For this purpose, we will use a formula 

for the matrix elements suitable for general SL(2, C) matrices h — ^ ^ ^ ^ where a,b,c,d & C and det(h) — ad— be — 1, 

given in |18j . 

Let Hf,{h) be the {2£ + l)-dimensional matrix for /i in a particular representation with weight £. The entries of this 
transformation matrix between totally symmetric spinors of rank 2£. The 7r£(/i)„i„, where m,n — {—£, £}, are given 

by 

Mh)mn = y Vii + m)\i£~-m)\i£ + ny.i£-n)l ^,+„_, ^_„+, ^^^^^ 
{£ — m — s)l{£ + n — s)!(m — n + s)!s! 

Here the sum has to be taken over all integers s that do not cause negative factorials. Using the definition of the 
matrix element of the tau-matrices in a particular representation with weight £ 

'n-e{Tk)mn = 7r^!(e*^'=)m„, (B.2) 

dt t=Q 

where ;= —iak, we can write down the three matrices e*"^*" for fc = 1, 2, 3 that are shown in eqn ljB.3|) 



e*^i = cos(t)li +sin(i)Ti (B.3) 
e*^" = cos(t)l2 + sin(i)T2 
e*^^ = cos(i)l2 + sin(i)T3 
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Inserting the above matrices into the formula in eqn IjB.ljl and taking the derivative at the point t = 0, we achieve a 
general expression for the matrix elements of the three tau- matrices Tri{Tk) in a particular representation with weight 

£ 



Tri{Ti)mn = + 1) - m{m - 1) Srn-n,i - + 1) " m(rn + 1) 6m-n-l (B.4) 

7i'i^(T2)r„„ = \/£{£ + 1) - m(m + 1)(5,„_„ _i - \/ £{£ + 1) - m{m - 1) dm-n,i 

During the derivation of the alternative flux '*'i?fc(S'), we will need the following property of the tau-matrices Tri{Tk). 

Lemma B.l Let TT£{Tk) be the {2£ + I) -dimensional matrix for :— —iuk in a particular representation with weight 
£, then the following identity holds 

TviMrMrMrs)) = -p{£ + 1){2£ + l)ekrs. (B.5) 

We desist from writing the proof of lemma IB . II here, since the lemma can be easily proven by using basic algebraic 
tools and explicitly calculating the identity for the various cases. 



C Derivation of the Formula for the Matrix Elements of q 



UK 



In this section we will derive the explicit formulae for the matrix elements of Quk, namely eqn H6.6I) . H6.7() . H6.8|) and 
(16.9(1 . because it turned out jEl that these are two special cases in which the general formula in JS| is not applicable. 
Therefore we have to start from the very beginning and use the defintion of Quk in eqn ((4.2()|l . In the following we will 
adopt the notation introduced in and denote different recoupling schemes by g{IJ) where /, J labels the momenta 
that are coupled together at first. Therefore, often 5(12) is called the standard recoupling scheme. The intermediate 
couplings of particular scheme g{IJ) will be called gi, while the intermediate couplings of our states \af m> and 
\a~ M> are still Oi and a^, respectively. Using eqn H4.2()|l for the case of / = 1, J = 3, = 4, we obtain 



< afM I (?i34 |a/M> 



= < af m\ [(Jl3)^ (^34)^] \a{ M> 

E { E 5.(13)(5.(13) + l).g.(34)(5,(34) + 1) < .g(13) | .9"(12)> < .g"(12) | 5(34)> 



s"(12) g(13).g(34) 



[ < 5(13) I af M> < 5(34) | a/ m> - < 5(34) | a/ m> < 5(13) | a/ m> 
E { E 52(13)(52(13) + 1) < 5(13) I .g"(12)> < 5(13) | «/ m> x 

■ ;i3) 

E 5.(34)(5.(34) + 1) < 5(34) | 5"(12)> < 5(34) | a{ m> } 



ff"(12) g(13) 
X 

ff(34) 



\a- M> 



(C.l) 



where the last term has to be understood as the analogon of the first term when the states |af m> and |af m> are 
interchanged. It was demonstrated in |lf)j that by means of the Elliot-Biedenharn identity, one can actually carry out 
the sum over 5(13) and 5(34) in the above equation. Hence, we will take the result from |16l I19| 



E .92(13)(.92(13) + 1) < 5(13) I .g"(12)> < 5(13) 



af M> 



9(13) 



[i(-l)-- 



as J ^3 Js 92 
1 0.2 js 



92 '<^2 



(C.2) 
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^ .9, (34) (.9, (34) + 1) < 5(34) | .g"(12)> < .g(34) | af m> 

9(34) 



rl 



-2(ji+i2)+i4-i3 / 



03-33 



02 .h g, 

1 a3 ja 



^ «^ ^3 



k=2 



(C.3) 



In order to keep the equation comprehensible, we introduced the following abbreviations 

C(a,6) := a(a + 1) +6(6+ 1) 

X{a, h) 2a{2a + l)(2a + 2)26(26 + 1)(26 + 2) 



A{a,b) V(2a+1)(26+1). 



(C.4) 



The next step is to insert eqn l|C.2|) and (|C.3p back into eqn l|C.l|l . By doing so, we recognise that the term containing 
C(a, 6) is symmetric under the interchange of <-> Hi and accordingly will be canceled, because we subtract the terms 
where \af m> and |a/j\/> are interchanged from each other. Consequently only the first term of l|('.2|l and l|('.3|l 
survives and we end up with 



< af Af|qi34 |a/j\/> 



S"(12) 



J2 Jl §2 
1 0.2 jl 



as J3 92 
1 a2 js 



0.2 J3 53 

1 ^3 



Oi 3j ff3 

1 03 j4 



J2 Jl 92 
1 02 jl 



03 ]j 92 
1 O2 js 



O2 J3 33 

1 03 js 



O4 J4 53 
1 O3 j4 



'^32 ' "2 "^ffl' : 04 '^93 ,a3 Sg'J _ 04 



+ i(-l)-3(^"i+^-^)+^-^+i(-l)2^+i(-l)^3-"3(-l)''3+'^^X(j\,j3)5X(j-3,j4)^A(S2,a2)A^^^ 



32 Jl O2 

1 02 jl 



03 j3 a2 

1 02 js 



02 J3 03 
1 03 js 



O4 J4 03 
1 O3 j4 



l(_l)-30-4+J2)+j4 + l(_i)a2+l(_i)a3-a3(_i)S3+a4^(j-^^^-^)i^(^-^^j-ji^(^^ 



J2 Jl 0,2 
1 02 jl 



03 J3 a2 

1 02 js 



O2 Js O3 
1 03 js 



Oi Jl Os 

1 O3 J4 



Jl J2 O2 
j2 



+ _(_l)-30-4+.2)+.4+a4^(^.^^^.^)i^(^.^^^.^)i^(~ ) I \ J 

13 ja a 
1 02 js 



O4 J4 Oa 
1 03 jl 



(„l).2+.3 ^ 03 ,3 O2 
"2 J3 



O2 J3 O3 

1 03 js 



^YY2+as J 03 Js O2 



O2 O3 

1 03 ji 



(C.5) 



a b c 
e 6 



a b e 
deb 



In the last line we used the symmetry properties of the 6j-symbols, in particular the fact that ^ 

Bringing back into our mind that for our SNF ja/ m> we have ji = = j,js = ji = f- and = J, the matrix element 
of 9134 can be expressed as 

< a/ m\ 9i34 \aj m> 

= +J(-l)+^^+^+'V2j(2j + l)(2j + 2)[2£(2^ + 1)(2£ + 2)] V(2S2 + l)(2a2 + 1)^2(03 + l)(2a3 + 1) 



J ^ 02 
1 a2 j 



J £ Qs 
1 Os i 



(-1) 



02+03 



as I 02 
1 S2 £ 



02 £ Os 
I a. £ 



(-1) 



02+03 



J 03 


£ 


02 1 J O2 


£ 


Os \ 


I 1 


0,2 


Mil 


0,3 


e J. 



(C.6) 



where we used additionally that 2j G Z and therefore (—1) = (—1) = (^l)^^"*- Now we have to repeat the 
whole calculation for the case / = 2, J = 3, X = 4 in order to derive the formula for 9234. Since the intermediate steps 
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in the calculation are analogous to ^134 not all details will be given. Here eqn (|4.2()(l leads to 
< af m\ (7234 \a{ M> 
= <afA^|[(J,3)^(J34)']|a/M> 



af M> X 



^ { 52(23)(5.(23) + 1) < .g(23) | .g"(12)> < .g(23) | 

' ■ '23) 

^ 52 (34) (.9, (34) + 1) < 5(34) | 5"(12)> < 5(34) | a/ m> } 



g"(12) g{23) 
X 



9(34) 

- |af M> < — > \ar M> 

Thus, we need to know the result of the summation over 5(23) in this case. It is given by | 16II19 | 
5.(23)(52(23) + 1) < 5(23) | 5"(12)> < 5(23) | a/ a/> 

S(23) 



(C.7) 



'^93 ,03 '^94, 04- 



i-ir-a^X{j,,j,)^Aig:,a,) 



Jl J2 52 

1 a2 32 



(-ir 



a3 J "3 J3 52 
1 0.2 js 



+ C(j2,j3)l5g^',a2 



(C.8) 



Reinserting the equation above and the result of the summation over 5(34) from cqn (|C.3p into eqn (|C.7|I . we get 



< af M\q2ai\a~' M> 

E { + i(-ir^^- 



+J2)+J4 + 1 



(-1) 



(12 — 92 +12 + 1 



9" (12) 



Jl J2 52 
1 0,2 j2 



03 J3 92 
1 0,2 js 



02 jj a'l 

1 03 



(_l)53-9^'(_l)a3+54^(j-^^^-^)2X(j3,j4)5A(5^',a2)A(5.r,a3) 



Oi Ji 53 

1 7f 1 f "92 .a2"94 >a4"93 ,13^94 ,14 



Jl J2 92 
1 02 j2 



as £3 5" 

1 0,2 x. 



02 j3 5" 
1 03 js 



Oi Ji 53 



1 n '7' f "^^2 ^^^2^54 ^fi4^p3 ,a3^p4 ,a4 



= +^(-l)-^(-'"^+^^)+^^+-X(j2,j3)^X(j3,j4)^A(S2,a2)A(a3,S3) f ^ ^ 



{-ly 



02+03 J "^2 

1 02 



O2 J3 O3 

1 0.3 33 



(-ir 



52+03 J ^3 Jj 02 
1 02 J3 



.?2 

O2 J3 O3 
1 03 j3 



Oi Ji O3 

'3 Ji 



(C.9) 



In the first step we used again the symmetry of the term containing C{a,b) in eqn ljC.3p and (|C.8|I under the interchange 
of tti Oi- Furthermore, as before, we took advantage of the symmetry properties of the appearing 6j-symbols in 
order to be able to write the equation more compactly in the last line. Let us as a last step implement the spin labels 
of our states \af m>, namely ji = ^2 = js = ji — (■ and 04 = J. Moreover, as before, we rewrite (—1)"^^ as (— 1)+^^ . 
Considering all this we have our final result in eqn l)C.10(l 

< af M\q23i \a{ M> 

= +J(-l)+'-''+'+'V2j(2j + l)(2j + 2)[2£(2^ + \){2l + 2)1^^(2^2 + l)(2a2 + l)^2{a3 + l){2a, + 1) 



J J 0-2 
1 02 j 



J a 03 
1 S3 I 



(-1) 



02+03 



03 i a2 

1 a2 e 



02 £ 03 
1 a, i 



- (-1) 



02 +03 



03 i 02 

1 02 e 



02 £ 03 
1 a, i 



(C.IO) 



In the case of $123 the matrix element can be expressed as 
< af m\ (7123 \af M> 



<af M\[{J,2)MJ23f]\a{ M> 

Y { ^ 52(12)(52(12) + 1) <5(12)|5"(12)><5(12)|a,^ 



M> X 



g"{12) s(12) 
X 



Y .92 (23) (52 (23) + 1) < 5(23) | .9"(12)> < 5(23) | m> } 



9(23) 



\af M> ■ 



\a^ Ai> 



(C.ll) 
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In order to perform the sums appearing in the equation above, we use eqn (jC.8|l and take advantage of 



^ g,(12)(5,(12) + 1) < 5(12) | /(12)> < 5(12) | af m> = a,(a, + 1) J] ^g^a, 

9(12) 



k=2 



(C.12) 



Hence, we obtain 



< a/ A/ 1 (J123 I a/ M> 



9" (12) 



t £ f } { ? £ f } [^^^"^ - 1)]^^3 ,H3^9^H.^,,..^,^.3^9^a. 

-i(-l)-^-^--'"^+-'-^+i(-l)''^-^^'+'^-^Xa,j3)^A(g^',a,) 



.92 I I 03 J3 92 
1 02 J2 J 1 1 02 



02(02 1) <5g^',a3^g4',a4<^s^',a2<5g^',a3'^g4',a4 

jl j2 O2 1 / O3 js a2 



= +-(-i)-^-^-^+^-3+i(-ir-«^+'^3x(j2,j3)^A(a2,s2) ^; f . 

^ O2 J2 J O2 J: 

02(02 - 1) - 02(02 - 1) (5a3,B3, 



(C.13) 



where we used again that the term proportional to C(a, b) in eqn (|C.8|I is cancelled in the first step. As we did before, 
we omitted the delta-function 6a^^a4^ because 04 is equal to the total angular momentum J of our states jaf m> and 
therefore we consider only cases where = anyway. However, this is different for the intermediate coupling 03, 03. 
for this reason we have to consider 5as,U3 in the above equation. Applying the above equation to our particular case 
where ji = ^2 = j and — i yields 



< Off A/|9i23 |a/ A/> 



= +-{-l)+''+'+H-ir-'''^'''X{j,£)^A{a2,a2)\ { 





j 


02 1 


/ 03 


£ 


O2 1 


[i 


02 


J J 


1 1 


0.2 


^ J 



02(02 ~ 1) — 02(02 — 1) 



(C.14) 



Again, we rewrote (—1) ^-^ as (—1)+^^ that is allowed due to 2j e Z and used the symmetry properties of the 6j-symbol 
where appropriate. Now, we consider the last triple 9^24 • The corresponding matrix element is given by 



< a( A/ 1 gi24 \a~ m> 



<a/M|[(J,2)^(J24)']|af A/> 

E { E 52(12)(52(12) + 1) <.g(12)|5"(12)><g(12)|a/A/> X 



ff"(12) g(12) 
X 



J2 .92 (24) (.92 (24) + 1) < 5(24) | 5"(12)> < 5(24) | a{ m> } 



9(24) 



la/ M> ■ 



\a~ A/> 



(C.15) 



The summation including .9(24) can be performed and leads to jl9| 

E 52(24)(52(24) + 1) < 5(24) | /(12)> < 5(24) | a/ m> 

9(24) 



[^(-l)'^'^"^'^+'^H-l)'^^"^^'(-l)+^^'+"^^(j2,j4)^A(5^',a2)^(g,;',03) 



94 ,0-4 ■ 



(C.16) 
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Inserting eqn (|Cn2)l and lfCl8)l into eqn itClTsIl and using again that the term proportional to C(a, 6) is antisymmetric 
under the interchange of |af m> ^ \a~ m>, we get 



< a/Af|(7i24|a/M> 



9" (12) 



92 a'i M 04 J4 53 



02(02 — 1) 



02(02 — 1) 



ii h 92 \ f h 92 93 1 f 04 j4 9: 

1 O2 J \ 1 02 Oa J \ 1 03 j 

+ ^(-l)"^'^~^'^+'^^^(j2,j4)^A(a2,S.)A(a3,03) 

' jl j2 O2 1 / O2 03 1 f a4 ^4 03 



^g'^,a2 ^g'3,a3 ^g'^,a4 ^g'l-Ai 



1 O2 ^2 



1 O2 03 



1 Oa ii 



{-ir"'^-a,{a2 - 1) - (-1)+^'^=H2(S2 + 1) 



(C.17) 



In the last line we took advantage of the symmetry properties of the 6j-symbol and moreover used that (— l)''2-a2 _ 
(— as Sa — O2 G Z. In our special situation where ji = j2 = j the value of the intermediate coupling 02 and 
0,2 can only be an integer and thus (— 1)+2''2 — (^_-[^-j+2a2 _ Accordingly, we can completely neglect these factors 
and obtain 



< af m| gi24 I a/ M> 



= +^i-l)+^'+-'XU,i)iAia2,a2)Aia3,a3) <j { i 



J J 02 



1 02 03 



04 ^ fla 

1 a., ^ 



02(02 - 1) - 02(02 + 1) 



(C.18) 



where we additionally inserted J3 = = i and 04 = J in the equation above. 
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D Case 

Detailed Calculation of the Matrix Elements of Oi = O2 = V^^ 

The aim of this section is to calculate the four matrix elements < o| V^^^ |a° o> and < a} m\ V^j^ |aj m> with 
i = 2,3,4. As has been mentioned before, in order to calculate matrix elements of V^^ we first have to calculate 
the matrix elements of Q^J^ and derive the eigenvalues und eigenvectors for Q^^. If Xq is an eigenvalue of 
with corresponding eigenvector \(p>, then |Aq| is an eigenvalue of with the same eigenvector. Consequently, we 
have to calculate all possible matrix elements of for each fixed total angular momentum J. For this reason, we 
are not able to evaluate matrix elements for the case of arbitrary spin representation, as we could do in the case of 
Oi = O2 = V alSVal — Qv^- In that case we needed only particular matrix elements of Q'*^ but not the knowledge 
of the spectrum of Q^'" itself. However, we will calculate the matrix elements of V^j^ for the case of = i, 1 here. 
Fortunately, they already show the major difference between the case of Oi = O2 = Qy^ and Oi — O2 — Val- 
When we calculated the five necessary matrix elements < o| Q^^ {af o>, < a2 m\ Q^^ \a\ m> and < a\ m\ Q^^ \a\ m> 
in the case of Oi = O2 = Qv^ with i being 2, 3, 4 in section I?r5l we took advantage of the fact that the intermediate 
coupling 02 of I a} m> is identical to zero and therefore we have Je^ — —Je2- Furthermore the orientations of the two 
triples {ci, 63, e^}, {62, 63, 64} were exactly opposite to each other. Accordingly, we only needed to consider one triple, 
e.g. $134, and multiply the result by a factor of 2, because the second triple had exactly the same contribution as the 
first one. Now, in contrast, we will also have to consider matrix elements where the incoming state has intermediate 
couplings 02 different from zero. Consequently, in these cases we will have to consider the contribution of the second 
triple exactly, as it might not just be a trivial factor of 2. 

By comparing the formulae for general matrix elments of 5134 in eqn (|6.6I) and of $234 in eqn H6.7|l respectively, we note 
that the only difference between these two formulae is due to different pre-factors in the square bracket in front of the 
6j-symbols. Before we can actually calculate the matrix elements, we have to know how the corresponding Hilbert 
space looks like. 
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D.l Matrix Elements for the Case of a Spin-|-Representation 

Let us begin with the case ^ = ^ and a total angular momentum J = 0. From eqn we can easily extract the 
basis states of this Hilbert space 

\ai o> :— I ai = j as = = i J = 0> 

o> := I ai = j 02 = 1 fl;, = i J = 0> . (D.l) 

With the Hilbert space being only two-dimensional and the fact that Q^'" and consequently $134, g234 are anti-symmetric, 
we know that < o| Q^^jaJ o>= — < aio\ ja^ o> are the only non-vanishing matrix elements. Moreover, we 
have e(ei, 63, 64) < Q!§ o| gi34 ja? o>= e(e2, 63, 64) < o| $234|ai o>, because the intermediate coupling of ja? o> is 
zero. Therefore, we obtain the following matrix structure for 

where a := (^p|aeg)^ ^7(7+1). We labelled the rows of Q'^]''^ by |q;/ m> and columns by jo;/ M>. The eigenvalues 

of are given by Ai — — a, A2 = +a with corresponding eigenvectors vi — {i,l),V2 = Hence, for V^^ 

we have one degenerated eigenvalue A = \a\ and the two corresponding eigenvector components vi,V2 in the basis 
{|a5 o>, o>}. The matrix element < o| V^^ ja? o> is thus given by 

2 

< a§ o| o> = ^ < a§ o| V^, \ ek> < eu K o>= 0. (D.3) 

fc=i 

(D.4) 

Here the vectors denote the corresponding normed eigenvectors of V]^^ . The surprising issue is that in contrast to 
the matrix element of Q^^^, the analogous matrix element of V^^^ vanishes. In this special situation where we chose 
^ = \ and the total angular momentum J to be zero, we realise that Q^^ purely consists of off-diagonal entries, while 
Vj^ is a diagonal matrix. In order to calculate the remaining matrix elements, we have to consider the Hilbert space 
for a total angular momentum of J = 1 in the case of € = i. Because we consider the special case of ^ = ^ the 
intermediate coupling 03 = ^ — 1 is not sensible here. Therefore the matrix element < a\ m\ V^^ \a\ m> does not 
exist. Thus, we will only have two remaining matrix elements. Using eqn (|6.2(l for this purpose, we end up with a 
4 X 3-dimensional Hilbert space. 



al M> 


1 fli 


= 


= flg = 


1 

T'' 


1> 




al M> 


1 fli 




= las = 


P- 


1> 




al M> := 


1 fli 


= jOs 


= lOa = 


P- 


1> 




al M> := 


1 fli 


= ja2 


= 2 = 


P- 


1>, 


(D.5) 



where we skipped the number two in labelling the states in order to keep our notation consistent with the former 
calculations. With the states \a\ m> being orthogonal for different values of the magnetic quantum number M and 
the knowledge that Q^^ does not change the magnetic quantun number, we can treat the calculation separately for 
each value of M = {—1, 0, 1}. Furthermore, we know that the result is equal for each value of M. 
Thus, we have a 4 x 4-matrix, but as Q^^ is anti-symmetric, its diagonal entries are zero and {Q:^'")ab = —{Qv^)ba- 
Hence, we only have to calculate 6 different matrix elements. Two out of these 6 matrix elements have already 
been calculated before and can be extracted from eqn (|6.29|l if we set £ = ^. For both matrix elements, we have 
e(ei, 63, 64)9134 = e(e2, 63, 64)5234, so that the contribution coming from the second triple is again only a factor of 2. So, 
we are left with four matrix elements that have to be evaluated, namely < m\ Q^^ \a\ m>, < al m\ Q^^ \a\ m>, < 
al m\ Q^^ \al M> and < al m\ Q^^ \al m>. By simply looking at eqn Ht).7|l and (|6.t)|) we see that < al m\ Q^^ \a\ m> 
vanishes, because 0,2 — a2 — 2 here and therefore the 6j-symbols in the corresponding square brackets will be zero. 
Consequently, the matrix elements of $134 and $234 are zero and thus the corresponding matrix elements of Q^^ 
disappear. In the case of < al m\ Q^^ \a\ m> we have 0,2 — 02. Implementing this condition into eqn (|6.7|l and 
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we realise that both equations become identical. Accordingly, we get e(ei, 63, 64)9134 = —eie^, 63, 64)9234 which leads to 
a vanishing matrix element for Q^'" . With all this in mind, we end up with the following expression for Q^^ 



Q 



j=i 

AL 



/ 





+ia 








—ia 








1 ib 












-ib 


K 





ih 


+ib 


; 



(D.6) 



where we defined a :— i(pY^reg)^\/jij + 1) and b :— (^^^C'reg)! •\/4j(j + 1) — 3. In this case the eigenvalues of 
are Ai = A2 = and A3 = — A4 = — 1 / |\/2a^ + 5^ =: — A. The corresponding eigenvectors are given by 



Vi 






V3 


= (0,V2,0,1) 






1 V2 
= ■^(-%/2a,-i— A,- 


fiA,5) 


V5 


1 /2 
= -(-V2a,+z^A, 
3 


-iA,5) 



(D.7) 



With the first two eigenvalues being identical to zero, we do not have to consider them when we calculate the matrix 
element of . Hence, we obtain 



(D.; 



/c=3 



4 

< a\ m\ Vl^\a\ M> = ^ <al m\ V^^ \ ek> < 4 \al m>= 0. (D.9) 

fe=3 

As in the case of J = all matrix elements that occur in the action of the operator siJ^ toti^t) vanish. Consequently 

~ 1 ^^^^^ 

the whole matrix element < /J^^^ mi2\ ^Ef. t^^{St) |/3-'^^ mi2> vanishes. 

In order to see whether the vanishing of < mi2\ ^ Ej^ toti'^t) nii2> is somehow connected with the fact that 
we chose the most easiest case where £ = 5, we will investigate the matrix elements for the case of £ = 1 as well. 

D.2 Matrix Elements for the Case of a Spin-l-Representation 

In the case that both additional edges carry a spin-l-representation {£ — 1), the Hilbert space belonging to a total 
angular momentum J = is 3-dimensional 

j fla a3 IJ = 0> 

j = 1 fls = 1 J = 0> 

ja2 = 2a3 = IJ = 0> . (D.IO) 

Again, the matrix element < o| Q jaj' o> vanishes, because := |a2 ^ > 1- Consequently the 6j-symbols 
including 0,2 and a2 becomes zero. Thus the whole matrix element is zero. Considering the matrix element < 
a§o| 10^2"^ ^6 that we have 03 = 03 and O2 = 02 + 1 here. Inserting this into eqn (|6.7() and l|6.6|l . we get 
< o| 9i34 \a\o>= — < a" o| $234 |q;i o>, so that we only have to calculate one of the triples and multiply it by two. 
Hence, the operator can be described by the following matrix 

/ -m \ 

Q'^=° = +m -ib , (D.ll) 
\ -i6 / 



|a°o> := 






= w 


a% M> := 
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where a := ( 
0,A2 = -^R 



(i63! ^ 

2 ^'■eg^ V3 



1) and & := (£p^C'reg)-^\/4j'(j + 1) — 3. The eigenvalues are given by Ai 
+ IP- . A3 = +va?+5^ =: A. The corresponding eigenvectors can be found in the equation below 

h 



V2 



V3 



,0,1) 
A,l) 



/a 
a i 

Vh 



(D.12) 



With the eigenvectors again having only purely real and purely imaginary entries we can again guess that the matrix 
elements of V"^^ will vanish. This is indeed the case, as can be seen in the following lines 



2 

AL 



Oi[ 0> 



3 

E 

k=2 



< "2 o| VIl I efe> < efc |a? o>= 0. 



(D.13) 



Thus, as long as we have eigenvectors that do have only purely imaginary and purely real components and we are 
furthermore forced to consider matrix element of < af m\ V^^ \a'( m> such that one of the states has an imaginary 
expansion coefficient in terms of the eigenvectors, while the other has a real expansion coefficient, we will obtain a 
vanishing matrix element for V^^. Note that this is not the case for the operator Q^^, because there the eigenvectors 
have different eigenvalues +A and —A. Accordingly, the corresponding terms would not be canceled by each other, 
but would just be added up. 

Let us consider a total angular momentum of J = 1 now and investigate whether we will get the same behaviour of 
the eigenvectors as well. For J = 1 the associated Hilbert space is already (7 x 3)-dimensional. 



al Ai> :— 


1 Oi 


= ja2 


= Ofl;, 


= IJ = 


1> 


a\ M> := 


1 Oi 


= ja2 


= 1 fl;. 


= J = 


1> 


al M> := 


1 Oi 


= ja2 


= 1 fl;, 


= IJ = 


1> 


al M> :— 


1 fli 


ja2 


^ las 


= 2J ^ 


1> 


al Ai> :— 


1 fli 


= ja2 


= 


= IJ = 


1> 


al M> :— 


1 fli 


= ja2 


= 2as 


= 2 J = 


1> 


a\M> :— 


1 fli 


= ja2 


— 3 fl;. 


= 2J = 


1> 



(D.14) 

In order to minimise the amount of computation, we will discuss some particular matrix elements in advance, especially 
those for which we can read off the result easily from the eqn 16.7|l and H6.6|I .With aa being zero for \a\ m>, we know 
that for all matrix elements 



6(61,63,64) < a- M|gi34|a}A/>= 6(62,62, 63) < a- a/| $234 |a} AO, i = 2,..,7. 



(D.15) 



> 1. For the same reason the 
1 ,,i r,AL |ctiM>= Ofor 



Furthermore, we have < a] m\ $134 la} _a/>= for i > A, because then — \a2 — 
matrix elements < aj m\ {aj ai>— with i = 1, ..,4 vanish. As ~ |a3 — 03! > 1 for < a^ m 
i = 4, 6, 7 these matrix elements are zero as well. Then there can be found several matrix elements where 0,2 ~ aa and 
a3 = 03 + 1. In this case we get e(ei, 63, 64) < a] m\ 5134 la^+i m>= —6(62, 62, 63) < al_^_i m\ $234 \ctl m> with i = 2, 3, 5 
and consequently the matrix element of Q^'" is zero for this particular combination of states |a|M>. Considering 
these arguments, we obtain the following kind of matrix for 



/ 





+i^V2a 
+i2 











-^|b 





-i2 






















~i2 



lb 



+i 








-i2 



\ 



+i2 
—i6 



i2./|c +i6 







(D.16) 



where we introduced 



.3! 



.3! 



b := {il-Crea)VW 



= 3! 



l)-3 C:=iel-Creg)VW+W^- 



(D.17) 
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The seven eigenvalues of Q'i'^^ are 
Ai = 



A2 = -2i£l^Creg)VW+W^=-h 



A4 

Ae 



2 

2 



''"^-s)\/24j(j + 1) - 2(11 + y/121 + 8jij + l)(2j(j + 1) -W) - -A5 



-i^l^Creg)V2^ 12j(j + 1) - H + ^121 + Sj ( J + l)(2j(j + 1)"^ = "Ay. (D.18) 

The corresponding eigenvectors can be given in the following form 

Vl = (0, 0, 71, 0,0,1) 

V2 = (0, -i/32,+«,+j52,e2,l,0) 

1^3 ^ (0,+i/32,-i,-j<52,e2,l,0) 

1/4 = (+iQ;3,/33 , 73,(53,-ze3,+«0, 1) 

i/e = (+iQ;4,/34,74,'54,-«e4,+i0, 1) 

1/7 = (-iQ;4,/34,74,<54,+ie4,-i(/), 1). (D.19) 

All Greek letters appearing in the equation above are supposed to represent real numbers. Our aim is to calculate the 
matrix elements < a} m\ V^^^ \al m> where i = 2, 3, 4. Hence, similar to the calculations before we have to expand the 
states \al m> in terms of the eigenvectors that are the nornied versions of the vectors Vk- But only by looking at 
the structure of the eigenvectors we can already read off that the three matrix elements will vanish for the following 
reasons: First of all, the first 3 eigenvectors do not contribute to the matrix elements at all, because their expansion 
coefficient for \al m> is zero. Additionally, we have = 65 and = 67. As the expansion coefficient for |a} m> is 
purely imaginary, while the one for [aj m> with j = 2,3,4 is real and moreover the two eigenvectors have the same 
eigenvalue, namely IA3I and jAsj respectively, the contribution of 64 cancels the contribution of 65. The same is true 
for 6*6 and 67. Accordingly, we get 

< al m\ Vl^ \a\ M>= < oi\ m\ Vl^ \oi\ m>= < a\ m\ V^^ \al m>= 0. (D.20) 



Unfortunately, we are not able to repeat the analysis for arbitrary spin representation £, because the matrices rep- 
resenting Q cannot be solved analytically anymore. Nevertheless, as the structure of the basis states in the Hilbert 
spaces stays the same, only the amount of states is changed, we would guess that the eigenvalues and eigenvectors 
look analogous also in the general case. Hence, we would expect a vanishing of the matrix elements of V^^^ that are 

contained in < (3^^^ rnia] ^E^. j„t(5't) \f3^^^ mi2> and therefore expect that the result of < /?^" rnia] ^E^. t„t(5't) \f3^^'^ mi2> 
is zero. In any case since the choice of i should not be important in the semiclassical limit of large j, we can rule out 
the choice V^^ already based on the result of the present section. 



E Detailed Calculation in the Case of the Volume Operator Vrs Intro- 
duced by Rovelli and Smolin 

As a first step we will derive the explicit expressions of the operators Oi and O2 in the case of ''^'-E'^. ^^^(S't) and 

^11, RS ^I:RS 

'''^fc tat i^t), respectively shown in eqn (|6.12(l and in eqn (|6.38|l . respectively. Let us begin with ''^'-E^^ toti^t)- Apart 
from some prefactors including numbers, that are not important for our argument, the precise expression of t^t{St) 
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is given by a sum consisting of 8 terms 



I,RS 



'Triie)Fc(^ + Tf£{hljFGTfe{hljBAVRsVnsTfe{heJiGTfe{he3)EA 

~T:iihljpGT^i{hljBAVrtsTfl{heJiGVRsT^i{he3)EA^ 



'"a JIG " RS "IVe^ J EA I' tyci J FG ' RS v"' 
h\jiGVRS^l{h\,^)EAVRsT^l{he^)FGT^t.{he3)cA 
— T^ii^lj iG^eihlj EAVRS^ilheJ FGVRS^eihe3)cA 



(E.l) 



As mentioned before, the volume operator Vrs is the the sum of the contributing triples 



Vr 



(E.2) 



Recall that the SNF \I3^^^ mi> consists of two edges Ci, only. Therefore, if V^s acts before for instance ^({he^) acts 
the only non- vanishing contribution in Vns is due to Vq-^^^a^ because for Vq^^^yq^^^ and Vq^^^ the edge 64 is missing. 
Analogous, only Vq^^i contributes to V^s when the latter is apphed to |/3^^^ mi> before ni{hes) has acted. Consequently, 
eqn (jE.l|l reduces to 



+^e{hlj i,GVq^24^i{hl,J BAT^iiheJ iGVqi^^Tfiihes) EA 
FcVq^^Jliihl^) BAVnsT^l{hei) iGT^lihes) EA 

~T^e{hlj FGT^e{hlj BAVnsTfiiheJ iGVqi23T^e{he3) EA^ 
-ni{e) fb(^ + T^e{hlj iGT^eihlj EAVnsVnsTfiihes) FcT^dK^ 

+T^e{f^l3)lGVq,23Tfe{hljEATfeif^e3)FGVq,2^Tfi{heJcA 
-Tfl{hl.JiGVq^23^i{hljEAVRsTfe{he3)FGT^eXheJcA 
iGT^i{h\j EAVRsT^l{he3) FGVq^^^niiKi) 



(E.3) 
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Futhermore, Vq-^^^ commutes with Trg{he^) as well as Vq-^^^^ commutes with Tri{he.^). Using this, we get 

+^eihljFGT^e{hl,jBAVqi2^Vqj^^^T:tXheJiG^e{he3)EA 

-7f£{hljpGTfe{htjBAVq^2^VnsTfl{heJiGTr£{hes)EA 
-^l{h\j FGT^l{h\j BAVRsVq^^^T^tihei) iGT^l{he3) 

+7?^ (^L )^ gTT^ (/i^ )^;-4^9i23 "t^gi24 T^e.{hes)FG'^l{hei ) c 
-Tfl{hljjGTfe{hljEAVq^23VB,sTfi{he.;,)FGTflihei)c. 
-~T^t{h\^) IGT^l{hlj EAVRsVq^^^T^lihe^) FGTft{hei)c. 

+TTe{e)FcT^dfT'ljEGT^df^l3)BA{VRsVas + Vq.^^Vq,^^ - K?124 ^HS ~ Vrs K,123 )'^'K'le4 ) /G (/^ea ) f 
-TTeie)FBTfdhls)lGTri{hljEA{VRsVns + Vq.^^Vq,^^ - Vq,^.^Vas " VasVq,^j7ri{he^) FGT^i{heJ c 

= T^t{Tk)Bc'^t{()EI + T^l{e) FcT^t{h\^) FGT^t{hl^) BA 0{ ' ""^ TTf (/je4 ) /gT^^ (^63 ) B A 

-ni{e) FBT^eihl ) iGT^iihlj EA O'^'^^ T^i{he3)FGT^i{hei)c 



(E.4) 



whereby we used the definition of and 02'^^ from eqn H6.12|l as well as the definition of Vrs in eqn (|E.2p in the 

^11, RS ^ 

last step. The calculation for '■'^^Ef. (St) is similar with the small difference that the signum operator S is sandwiched 
between the two volume operators V^s- Hence, we end up with 



^''^^k,tat {St) OC TTt{Tk)BcT^t[f)EI + Tri{f-)FcT^l{hljFGTriihljBAO{'''^^ 7ri{heJiGTri{hes)i 

—TTeie) FBT^eihlj iGT^eihlj E A O^ '"^ Tfe{he3)FGT^e{heJc 
Here we used the expressions for O"'"^ and 02 '^^ in eqn 



(E.5) 



E.l Case <^'E,,,„X^*): 

Detailed Calculation of the Matrix Elements of Of'''' and d^'"^ 

As in section|D]we will investigate the case of a spin- representation £ = ^ , 1 for the reason that these are the two easiest 

cases where the matrices of Q^^u^ can still be solved analytically. Here, we want to keep the discussion succinct and 
mainly present our results, for the reason that section ^already explains in a quite detailed way how matrix elements 
of of the volume operator are actually calculated. 



E.1.1 Matrix Elements for the Case of a Spin-i-Representation 

With £ — the matrix elements < o| 0[''^^ \ai o> and < a} m\ 02'"^ \al m>, where i = 3,4, contribute to the 

^I.RS 

matrix element of '^'-Ej, toti^t)- The matrix elements are given by 



< m| Oi'"' la? M> = + < a°2 m 



< 0P2 M 

< a2 M 

< Qfj M 

< an M 



^^gi34^^g234 I"? AO + <a° m\ Vq,,,Vq,,, \a° M> 
^^gi34^^gi23 |a? M> + < m\ Vq,,^Vq,,, \a1 M> 

^^«i24^^gi23 |a?M> 



(E.6) 
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and with i = 3, 4 



< al m\ di'"' \al M> 



+ < a] M 

+ < a] M 

+ < a] M 

+ < a] M 

+ < a} M 



^^9123^,134 |a} M> + < a] m\ \al M> 

^9123 "^'«234 I"! AO + < a- M\ V:,234^gi24 I"} M> 
^^9123^^9124 \alM> 



(E.7) 



Here we used the definitions of the operators O^'^^jOj'"^ in eqn H6.12|l . These matrix elements for 0['"^ consist of 
the sum of the matrix elements with the following structure 



I ^'>^ H < "2 m\ %,,^ \ol> < a' I la? M>, 

\at> 



where we expanded the matrix element in terms of basis vectors \a'> of the Hilbcrt space 7i'^~°. 
Now each < m| Vq^j^ \a'> can be caculated through an eigenvector expansion 

< a" m\ Vq,j^ \a'> = ^ < m\ Vq,,^ |4> < 4 | a'> 



(E., 



(E.9) 



where Cfc denotes the normed eigenvectors of Vq,,j^. As in section (DJ the eigenvectors of Vq,jj^ are equal to the 
eigenvectors of Qy^u^ and v^jAj is an eigenvalue of Vq^j^ assuming that the corresponding eigenvalue of Qy^u^ is A. 
(See also the discussion in section 1^31 ) 

The states m> that have to be taken into account in order to derive the matrix of Qy^u^j can be found in eqn 
(|D.ip . Using eqn H6.6(l . H6.7(l . H6.8(l and we get the following matrices, eigenvalues and eigenvectors for a total 
angular momentum J = 



j=o 

S,234 



^RS. 134 
^-RS,123 ^HS,124 



-2ia 
+2ia 

+2ia 
-2ia 



Ai=-2a = -A2, vi = {=+i,l), V2 = 

Xi = -2a = -X2, VI ^(^-1,1), 1/2 = (E.IO) 



where we defined a := {ip^Creg)\/ j{j + 1) and labelled the rows by |a/ m>, whereas columns are labelled by \aj m>. 
Inserting these eigenvectors above into eqn (|E.9|I . yields to vanishing off-diagonal matrix elements of Vqjj^^ 



(E.ll) 



< "2 o| K,i34 |a? o>= < o| Vq,,, |a? o>= < o| Vq,^, |a? o>- < a° o| Vq,^, \a° o> 

< "! o| Vq,,, \a°2 o>= < a? o| o>= < a? o| V',,,23 1"° o>= < a" o| 1^9124 1^2 o> = 



for the reason that the expansion coefficient of |a]'o> is purely imaginary, whereas the one of |a2A/> is real and 
therefore the terms appearing in the sum of the expansion will cancel each other (see also the explicit calculations 
done in section^ for this). 

Accordingly, if we sum over \a'> in eqn (|E.8p cither the first or the second matrix element of VquK in the product is 
zero. Thus each < m\ Vq^ ,^Vq^ \a\ m>— and therefore the whole sum in eqn ljE.6(l is identical to zero and we 
have 

<a^Af|O('^^|a;j\/>=0 (E.12) 

Let us discuss the matrix element < a] m\ O^'^^ \a\ m> from eqn now. The four states \a^iM> that are included 

Inserting them 



in the Hilbert space belonging to a total angular momentum of J = 1 are written down in eqn (|D 
into eqn Hti.6|l leads to 



y=i 

' RS,134 







— i|a 
-i\^f2a +iV2 



'i^V2a 
-i-s/2 













Al — — A2, A3 — — 



V3 + 2a2 + 62 = _;v4, (E.13) 
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with a := {ip^Creg)y^ j{j + 1), b := {ip^Creg)y^4:j{j + 1) — 3, while the corresponding eigenvectors are given by 



Vi = 


V2a 


V3 = 


q 

( 


Vi = 


^ b 


V5 = 


^ b 



72,1,0) 



36 



3& 



3& 



3& 



^1) 



(E.14) 



In contrast to the case of a total angular momentum J = the expansion coefficients of |a| m>, where i = 3, 4, have 
a real and an imaginary part, while the one of \a\ m> is real. Consequently, we get a result different from zero here. 
Additionally, we show the result of < a\ m\ V^^^^ \a\ m> with i = 3, 4, because we need these matrix elements later 
when we expand < a\ m\ Oj'"® \a\ m> in terms of \a\ m>. 

- 12a 
-6V2a 
-6V2b 
j- 66 



<alM\ y,^3^ 




M> = 


E 

k 


< al m\ v;j3^ 




M> = 


E 

fe 


<alM\ y,^3^ 




M> = 


E 

fc 




1"^ 


M> = 


E 



(E.15) 



whereby are the normed eigenvectors of Qifs 134- The same is true for the triple 5234 in which case we have the 
following matrix and eigenvalues 



Q 



j=i 

RS,234 



( -i\a +ilV2a \ 
-iV2 -i\\/2b 



+ifb 



Al — — A2, A3 



\/3 + 2a2 + &2 = (E.16) 



V +i^V2b -i|6 / 
and the corresponding eigenvectors 



Vi = 




V3 = 


■ 


Vi = 


(- 


V5 


(- 



V2a 3V2 + iVsV3 + 2^T¥ 3 - i\/6\/3T2a2TF 

~' 3& ' 3b 

V2a 3V2 - iV3V3 + 2a2 + 62 3 + zV6V3 + 2a2 + b'^ 



,1) 



6 ' 36 ' 36 

Accordingly, these eigenvectors yield a non-vanishing matrix element for the states \aj m> where i = 3,4 as well 

12a 



(E.17) 



< "3 ^1 K234 


\a\ 


M> = 


E 

fc 


< ^1^234 


\al 


M> = 


E 

fc 


< 4 m| v;^3^ 




M> = 


E 

fc 


< "4^1^234 


l«5 


M> = 


E 

fc 



-VIA3I 



6y2a 
- 6V26 

- 66 
lAsP- 



(E.18) 
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The situation is different if we consider the triple $"123- In this case the matrix obtained from eqn (16.8(1 includes more 
entries that are zero due to the Sa^^aa in eqn (|6.8|) 



^ RS, 12 



/ -i2a \ 
H2a 
-i2b 
\ -i2b J 



Ai = -2a = A2, A3 = -26=-A4 



Therefore, the eigenvectors look much simpler 

^Ti = 1,0,0), 1/3 = (+^, 1,0,0), 1/4 = (0,0,-i,l), = (0, 0, +i, 1) 
and we can easily extract from them 



(E.19) 



(E.20) 



< at M 



< ai M 



< ao M 



< QfQ M 



< Ua M 



< Ua m 



K, 



a\ M>= ^ < al 

k 
k 

al M>= ^ < 0:3 
fe 

al M>= y^ <al 

k 

al M>^ y^ <al 
fe 

a\ M>— < a\ 



M 



M 



M 



M 



M 



M 



K123 |efe> < 4 \a\ M> = 

|efe> < efe|a^M> = 

K123 |efe> < 4 lag M> = +V2a 

K123 |efe> < 4 |ai Af> = 

K123 I4> < efc|a3A^> = 

K123 |efc> < 4 \alM> = +\/26 



(E.21) 



Here i = 3,4. The matrix of the last triple can be evaluated by using eqn 1(6. 9|l . The matrix itself and its eigenvalues 
can be found in the equation below 



^^f*^ ~* 



^ RSA2 



+i^a 
H^V2a 



i|V2a \ 
-i^V2b 




3 



Ai=0 = A2, A3 = -\/|V3 + 2a2 + fc2 = (e22) 



V +i^V2b / 

The corresponding eigenvectors are given by 



vi = {+i 



2V2' 2V2 



,1,0), V3^i~ 



.2V2 



2V2 



2V2' 2V2'' 



1,0), 1/4 - (0,+i^,--,l), 1/5 - (0,-«^,+-,l). (E.23) 



In this case either the eigenvalues or the expansion coefficient of \a\ m> and \al m> are zero, so that we also end up 
with only trivial matrix elements. Only the diagonal matrix elements of \al M>,\a\ m> are non- vanishing. 



< at M 



< at M 



< a^ M 



< a/ M 



< Oft; M 



Qi Af> = 



ag M>- 



al Af>: 



fe 

E <".^ 

fe 

E <«3 



Q!4 Af>= ^ < al 

fe 

^3 Af>= < 0:4 
fe 

a4 Af>= ^ < a\ 
fe 

a} Af>= ^ < al 



M 



M 



M 



M 



M 



M 



M 



K124 I4> < 4 
K124 I4> < 4 

K124 14> < 4 
K124 14> < 4 
K124 14> < 4 
K124 14> < 4 
K124 14> < 4 



a} Af> = 



al M> = 



al M> ~ +V2a 



al M> = 



al M> — 



a, M> = 



al M> = 



2b 



(E.24) 
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After having calculated all the necessary matrix elements of Vqjjk, we will expand each matrix element 



< a] m\ Vgjjj^Vg.j^ \a\ M> included in < aj m\ O^"^^ \al m> in terms of the basis states |aj 



M> 



< al m\ %rjK%ij^ \al M>= ^ < a] m\ \a'> < a' \ |a} j\/> 

|ai> 

Considering the operator Vq-^^s^quK ^ where UK E {134,234}. The expansion is given by 

< m\ Vq,^3%ijK I"! M> = + <a\ m\ Vq,^^ \a\ M> < al m\ Vq^,^ \a\ m> 

+ < a] m\ Vq,^^ \al M> < al m\ Vq,,^ \a\ m> 

+ < a] m\ Vq^^^ \a\ M> < al m\ Vq,,^ \a\ m> 

+ < al m\ \>g,,3 \al M> < al m\ Vq,,^ \a\ m> 



(E.25) 



We can read off from eqn (|E.2ip 

< m\ V,^^^ \al A/>= < a] m\ V;^^3 \al m>= < al m\ V,^^^ \al m>= < a\ m\ V,^^_.^ \al m>= 

Therefore the expansion reduces to 

< "i m\ Vq.^^Vq.jj, \al M> = + <al m\ Vg,^., \al m> < al m\ Vq,,^ \al m> 

+ < al m\ Vq^^^ \al M> < al m\ Vq^j^ \al m> 



(E.26) 



(E.27) 



(E.28) 



If we choose IJK — 124 we see due to < aj m\ Vq^^^ \a\ m>= (sec eqn (|E.24|) 'l that the matrix element of Vq^^^Vq^^^ 
vanishes. In the case of IJK = 134, 234 by comparing eqn (jE.15|l with eqn ljE.18|) we realise < a\ m\ Vq^^^ \a\ m>= 
— < a} m\ Vq234 la} M>— . Thus, the the two contributions cancel each other. Consequently, 



< a 



, v„ 



(E.29) 



In the case of the operator Vq^ji^Vq^^d^ where IJK e {134,234}, the expansion in terms of the basis states \al m> can 
be written as 



< M\Vq,j^Vq,^^ \alM> 



< al m\ Vqjjj, \al M> < al m\ Vq^^^ \al m> 

< m\ Vq, j^ \al M> < al m\ Vq,^^ \al m> 

< al m\ Vqjjj, \al M> < al m\ Vq,^^ \al m> 

< al m\ Vq, j^ \al M> < al m\ Vq,^^ \al m> 



(E.30) 



The matrix elements < m| Vg^24 l^i m> with j = 3,4,5 are identical to zero, as can be seen from eqn (|E.24() . 
Hence, only the first term in the expansion survives. Moreover, if we choose for IJK = {134, 234}, we have 
< al m\ Vg^34 \al M>= — < al m\ Vq^^^ ja} m>, as can be seen in eqn (|E.15|) and eqn HE.lSjl . so that the non-vanishung 
contributions get canceled by each other. Accordingly, we obtain 



< a. 



= 



A^l (^^9134 + ^^9234) ^^9124 \al M> 

Analysing the operator Vqis^Vq^j^, with IJK e {134, 234}, we get 

< a] m\ VqrM%iJK I"} M> = + <al m\ i>,3, \al M> < a] m\ Vq^,^ \a\ m> 

+ < al m\ Vq,,, \al M> < al m\ Vq^,^ \a\ m> 

+ < al m\ Vq^^^ \al M> < al m\ Vq^,^ \al m> 

+ < al m\ Vq,,, \al M> < al m\ 1>,,,^ |a} m> 



(E.31) 



(E.32) 



From eqn HE.15|) and eqn HE.18|I we can extract for i = 3,4 < al m\ Vq^^^ \a\ m>= — < al m\ Vq^^^ |a} m>. Hence, 
the expansion above yields 

< al m\ Vq,,, (Vq,,, + T>g,3,) \al m> = + < al m\ Vq,,^ |a} m> < al m\ (Vq,,^ + Vq^,,^ |a} m> 

+ < al m\ i>,3, \al M> < al m\ (Vq,,^ + Vq,,,) \al m> (E.33) 
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The same argument applies to the operator Vq234,Vqj with UK G {134, 234}. Terefore we obtain here 



< a] m\ Vr,. 



"3234 I ^<3134 



V, 



9234 



al M> = + <al m\ Vg^^^ \al m> < a} m\ (Vq^^^ + Vg^A \al m> 



< al m\ Vq,,^ \al M> < al m\ (%,,^ + \al m> (EM) 



Using the fact that < a} m\ Vq^^^ \a\ m>= — < a} m\ Vq^^^lal m> and < a} m\ Vq^^^ \al m>~ - < a} m\ Vq^^Jal m> 

(E.35) 



that can be seen by comparing eqn ljE.15|) with eqn (|E.18|I . we get 

< a] Ai\ (Vq,,, + ^,234) (^^gi34 + ^,234) \al M>= 
Now, we add eqn (|E.29|I . eqn (|E.31|I and eqn l)E.35p and note that the sum is precisely the operator 02""^. Accordingly, 

< a] m\ d'^-"^ \al M>= i = 3, 4 (E.36) 
Since the matrix element of 0{'"^ as well as the matrix element of Oj'"^ vanishes and exactly these matrix elements 



are the only one that contribute to 'iE^. t^t{St), the operator 2£'^ toti^t) becomes the zero operator. 
E.1.2 Matrix Elements for the Case of a Spin-l-Representation 

In this subsection we will repeat the calculation of the last subsection for the case of a spin-representation £ = 
1. The matrix elements that are included in the calculations of the alternative flux operator ^Ef,^^^(St) are < 
m\ dl'"'' |a? M> and < a} m\ O'^"'' \a\ m> where i = 2, 3, 4. The definition of Ol"'' and 62'"'' can be found in eqn 
(|6.12|l . whereas we have to, as before, derive the value of the matrix element of each single triple. 



A basis of the Hilbert space associated with a total angular momentum J — can be found in eqn IjD.lOp and 
consists of four states. Hence, for every single triple Qv,i.ik we obtain a 4 x 4-matrix. Starting with Q'lf^s'-^^^ we have 



' KS,134 



V 







-z4^/ |a 







\ 



, Al = 0, A2 



V3 



v/2a2 + 62 



(E.37) 



where we used eqn (|6.6ll in order to obtain the matrix. The corresponding four eigenvectors are given by 

" ""2 = ( ^'+* 5 '1) ^3 = i 1 '1)- 



(E.38) 



As in the situation of £ = i for J = the remaining three triples are identical and moreover just the negative of the 
matrix of 4 



/ 



y=o 

' RS,234 



^i^.S, 123 



y=o 

' HS, 124 







+i4^/|a 







\ 



V 



while the corresponding eigenvectors are 



-z4ji6 



Al = 0, A2 



v/2a2 + &2 = _A3. (E.39) 



V2a . V2a2 + 



,1), V3 = i- 



V2a . x/2a2 + b'^ 



(E.40) 



Now, we expand each operator Vqjjj^Vq~j^ included in < m| 0{'^^ \ai m> with the help of the states |a° m> 



< "2 A/| Vq.j^Vq^j^ |a? M> = + < al m\ Vq,,^, \a\ M> < a} m| Vq^^^ \al m> 

+ <al m\ Vq,j^ \al M> < al m\ Vq^ .^ |aj m> 
+ <al m| Vq^,^ \al M> < al m\ Vq^j^ \al m> 



(E.41) 
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From the eigenvector expansion, we get 

< a2 m| Vqjjj^ \al M> < a° m\ Vq^ ,^ \ek> < 4 \al m>= 

k 

< "2 m\ \al M> < m| Vq,j^ |efc> < 4 \al m>= 0, (E.42) 

k 

whereby 61,62,63 result from t/i, 1/2,^3 by just dividing each vector by its norm. Consequently, each term in the 
expansion in eqn l|E.4Hl vanishes separately an we obtain as in the case of ^ = 0.5 

<a^M|O(-«^|a;M>=0 (E.43) 



If we consider a total angular momentum of J = 1 eqn (|D.14|I tells us that we have already to deal with seven states and 
consequently get a 7x 7-matrix for each triple Quk. Again we have to discuss the matrix elements < a} m\ O2 \a\ m> 
with « — 2, 3, 4. Starting with Q^^g^ and using eqn l|().6|l yields 



q: 



+i2 J|a 



-i|\/2a 


-i2y^|a 





















+^fb 













-^2^1 













+^2^1 












-^fb 









-i2V3 


+i2^J^c 










+^2^/3 





V ^ 



















(E.44) 



where we introduced 



~a:^{ll-Creg)VW+l) & := (^^_a,,)V4j(j + l)-3 5:= + 1) _ 2. (E.45) 

The seven eigenvalues of ^^^^^34 are 

Ai = 

A2 = -4(^^|ae,)v/7(7^=-A3 

A4 = -~A{£l^CregW ]{3 +2) ^ 

^6 = -4(^^|aeff)V2j(j + l)-l = -Ay. (E.46) 



The corresponding eigenvectors can be written in the following form 



vi = (0,0,-VT5a"',+3a"',-V3&"',-fe"',l) 

V2 = (+«c, a — ib,d + ie, f + ig, h — il,m + in, 1) 

= (— ic, a + ib, d — ie, f — ig, h + i(,,m — in, 1) 

= i+ic', a' + ib', d' - ie' , f - ig' , -h' - it' , -m' + in', 1) 
V5 = {-ic', a' - ib', d' + ie', f + ig', -h' + i£' , -m' - in', 1) 
ve = i-ic", -a" + lb", d" - le", -f" - ig" ,-h" - it, -m" + in", 1) 

vj = i+ic", -a" - lb", d" + le", -f" + ig", -h" + it, -m" - m" , 1). (E.47) 
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Here all letters {a, n"} denote real numbers which depend on the chosen value for the spin label j that is attached 
to the edges Ci, ej. Using the expansion in terms of eigenvectors in eqn IIE.9|l . we get 



< al Af| V'gia^ \alM>-- 



< a\ m\ K 



S^"--! •'9134 



< "5*^1^134 



< "6^1^134 



<a]M\ 



< al m\ 



9134 



< a3*-f|Ki34 



<alM\ V^^ 



< a\ m\ % 



?134 



< "3*^1^134 



< "1*^1^134 



a\ M>- 



al M>- 



M>- 



al M>= 



at M>— 



ai M>— 



ai M>~ 



ai M>= 



k=l 

fc=l 

4 

fc=l 

4 

fc=l 

k=l 

4 

E <"7 

fc=l 

4 

E <"2 

k=l 

E <"3 

fc=l 

4 

E <"4 

fc=l 

4 

E <"2 

fc=l 

4 

E <"3 

fc=l 

4 

E <"4 



M 



M 



M 



M 



M 



M 



M 



M 



M 



M 



M 



M 



K, 



K, 



efc> < efe 



efc> < Cfc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



efc> < efc 



a\ M> 



al M> 



'2c2hc + 2c46'c' - 2c66"c" 



a\ M> 



al M> 



k=l 



-2c2ce — 2c4c'e' + 2cqc" e" 



a{ M> = +2c2C5 - 2c4c'g' - 2cec"g" 



ai M> = -2c2C^ - 2c4c'/ + 2c6c"/' 



+2c2cn + 2c4c'n' - 2cQc!'n" 



a\ M> = 



al M> = +2c2(a/i + M) - 2ci{a'h' + b'£') + 2cQ{a"h" - b"£") 



+2c2{dh ~ ei) - 2ci{d'h' - e'£') - 2cQ{d"h" - e"£") 



al M> = +2c2(//i - g£) - 2ci{f'h' - g'£') + 2ce{f"h" + g"£") 



al M> = +2c2{am - bn) - 2c4{a'm' - b'n') + 2ce{a"m" + b"n") 



al M> = +2c2{dm - en) - 2cA{d'm' + e'n') - 2cQ{d"m" + e"n") 



^2c2(/m - gn) - 2c4(/'m' - g'n') + 2cfi{f"m" + g"n") 

(E.48) 



Here we introduced the constants ci , C2 , C3 that are defined by 



C2 : 



C4 



C6 



^2 



1 + a2 + 52 + c2 + rf2 + g2 _|_ J2 _|_ g,2 _|_ ^2 ^ £2 _|_ ^2 _|_ ^2 



f + a'2 + 6'2 + c'2 + d'2 + e'2 + /'2 + 5'2 + h'^ + ^'2 + m'2 + n'2 

VM 

1 + a"2 + 6"2 + c"2 + d"2 + e"2 + /"2 + g"2 + ft,"2 + £"2 + jn^l _|_ j^n 



(E.49) 



The non- vanishing of these matrix elements is as in the case oi £ = ^ caused by the fact that the expansion coefficients 
of \al M>, where i = 2,3, 4, have real as well as imaginary parts. When we apply eqn l|6.7|l to the states in eqn (|D.f4|l 
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we obtain the following matrix 



Q 



j=i 

KS,234 



+i|\/2a +i2 J|a +i| 



-z|\/2a 



2% 



a 



'3 

-i2 
-i|\/TOa 









10a 



+i2 



5 






-i2 



-ifb 



+iA^b +i2 



-i2 





+i2 



5^ 



-i2V3 


-i6 



-i2 
+i6 



§2 



|5 







(E.50) 



where we used the abbreviations 



d:={Areg)VJiJ + l) b := (^^ ^ ) ^4 j (j + 1) - 3 c := (^^|aes) + 1) - 2. (E.51) 



The eigenvalues are similar to the one of 



Ai = 



.3! 



.3! 



A4 = -4{il-Creg)VJU+^ = ->^5 



= 3! 



4(£6_aes)vW+l) 



-At. 



(E.52) 



and can be used to derive the corresponding eigenvectors 



vi = {0,0,-Vl5a'",+3a"',-V3b"',-b"',l) 

V2 = {—ic, a — ib, d + «e, / + ig, —h + i£, —to — in, 1) 

W3 = i+ic, a + ib,d — ie, f — ig, —h — il, —to + in, 1) 

= {-id, a' + ib', d' - ie' , f - ig' , h! + it', to' - in', 1) 
W5 = (+ic', a' - ib', d' + ie', f + ig', h' - il' , m' + in', 1) 
iTg = (+ic", -a" + ib", d" - ie", -f" - ig", h" + if, m" - in", 1) 

= {-ic", -a" - ib", d" + ie", -f" + ig", h" - it, m" + in", 1) 



(E.53) 
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where we again suppose that {a, n"} denote real numbers. Thus the desired matrix elements are 

4 



< al m\ Vg234 \al M>-- 



< a5^-f|K234 



< a6*-f|K234 



< "7*^1^234 

<a\M\ 



< "3*^1^234 



< a\ m\ Vg 



<?234 



< "3*^1^234 



< "1^1^234 



at M>— 



al M>- 



al M>- 



ai M>= 



05 Af>: 



ai, M>- 



Qfg A/> = 



al M>- 



k=l 

4 

fc=l 

4 

E <"4 

fc=l 

E <«5 

fc=i 

E <"e 

fc=i 

4 

E <"7 

fc=l 

4 

E <"2 

fc=l 

E <"3 

fc=l 

4 

E <"4 

fc=l 

E 

fc=i 

E <«3 

fc=l 

4 

E <"4 



M 



M 



M 



M 



M 



M 



M 



M 



M 



M 



M 



V 



V 



V 



V 



V 



V 



V 



V 



V 



V 



V 



V 



k=l 



ek> < 4- !«! M> = +2c2bc - 2c4&'c' + 2ceb"c" 

ek> < Ek \al M> = —Icice + 2c4c'e' ~ 2cqc" e" 

ek> < efc \oi\ M> — —2c2cg + 2ciC g + 2cqc' g" 

ek> < 4 la} M> = -2c2ce - 2c4c7' + 2cec"£" 

ek> < el- \a\ m> — +2c2cn + 2c4cn — 2cQc'n' 

ek> < 4 I a} M> = 

efc> < 4 M> = ~2c2{ah + fe£) + 2c4(a'/i' + 6'^) - 2cda"h" - h" t") 

ek> < 4 lag M> = -2c2{dh - ei) + 2ci{d'h' - e'£') + 2ce{d"h" - e"£") 

4> < 4 lag = -2c2{.fh - gi) + 2ci{f'h' - g'£') - 2ce{f"h" + g"e") 

4> < 4 1^6 = -2c2{am ~ bn) + 2ci{a'm' ~ h'n') - 2c(i{a"m" + b"n") 

4> < 4 \al M> = -2c2{dm - en) + 2c4{d'm' + e'n') + 2ce{d"m" + e"n") 

4> < 4 \al M> = -2c2(/m - gn) + 2ci{fm' - g'n') - 2c6(/"to" + g"n") 

(E.54) 



In the case of 123 ^"^^ H6.8|l leads to a matrix that looks less complicated 

/ = iJla 



Q 



1=1 

RS, 123 











+i4./|6 



\ 





-i^fa 


-i^b 

-i'^Jlb +il2^/|c 



\ -»12j|c J 



(E.55) 



with 



,3! 



.3! 



.3!. 



(E.56) 



and the corresponding eigenvalues 



Al — — A2 — A3 
.3! 

4 
= 3! 
4 



A4 - ~A{ll-Creg)Vi^2j{j + 1) - 3 = -A5 



Ae = -A{ll-Creg)^2j{j + !)-! = -Ay. 



(E.57) 
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Unsurprisingly, the eigenvectors are simpler as well and are shown below 

/6 1 
z7i = (0,0,0,— ,0,0,1), t/2 + (^,0,0,0,1,0,0), z/a = (0,1,0,0,0,0,0) 
a V2/3 

1/5" 1/5" 

Vi = (0,0,0,--^a,0,-iy-7, 1), 1/5 = (0, 0, 0, --^a, 0, +iy ^7, 1) 



"6 



(- V2/3, 0, 0, 1, 0, 0), V7 = {-V2P, 0, +i6, 0, 1, 0, 0). 



(E.58) 



Here, the dependence on j of the components of Vk is less tricky and therefore we mention them explicitly for those 
interested 

b 



a := -, /3 := T> 1 
c b 



V2a2 - 3 



5 := 



V7a2 - 3 



c b 

These eigenvectors demonstrate that all matrix elements < a\ m\ Vj^^^ \a\ m>, where i = 2, 3, 4, are zero 

4 

< a- m| V;^^3 |a} M>= ^ < m| V,^^^ \ek> < 4 |a} m> = 
4 



(E.59) 



< a] m\ V;^^3 M>= ^ < m\ y,^,3 |4> < 4 \al m> = 
4 



(E.60) 



k=l 



as we have either an expansion coefficient equal to zero or the combination of a real and a purely imaginary expansion 
coefficient. The last triple that has to be discussed is Q^%4- Considering eqn H6.9|l we get 



Q 



,7=1 

RS, 124 










-if%/TOa 











-z|\/2a 
































-2ib 





+i|\/TOa 













+i2^b 




















-i6./|c 
V ^ 








+2ib 


~i2.flb 
V ^ 






























(E.61) 



where we introduced 



.3! 



.3! 



3! 



(E.62) 



The SGV6I1 Bigcnvcilucs of cire 



Ai = = A2 = A3 

A4 = -4(^;;|ae<,)y3V2.?-(j + 1) - 3 = -As 
,3! 



Ae = -4(£;^_^^^^)^2j(j + l)-l = -At 



(E.63) 



and the corresponding eigenvectors can be expressed as 

^1 = (0.3a/|--,-3J^-, 0,0,0,1), V2 = (-J^^,0,0,0, 4^,1,0), = (0, 4=, \/i 1,0,0,0) 

-/3, +z(5, -i^ -5, 1, 0) 

/2" 2 [51 



(E.64) 
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with the following abbreviations 



2c 



S := 



V2a2 - 1 



(E.65) 



For this particular triple the matrix elements disappear as well, because the first three eigenvalues are zero, the 
eigenvectors 1/4,1/5 have an expansion coefficient for \a\ m> which is zero and the vectors vg^vr have a real expansion 
coefficient for |a}M>, while the one for the states ja^ j\/> with i being 2,3,4 is purely imaginary. Consequently, we 
have 



< m\ K,,, \al M>= J2 < ^''124 Wk> < 4 \al M> = 

fc=i 
4 

< 07 m| V^^^^ \al M>= ^ < 07 m| V;^24 |efe> < 4 |a} a/> = 0. 

fc=i 

The expansion of each operator yqijKVq~j^ that occurs in the operator 02'^'^ is given by 

7 

< c^l m\ Vq,,^Vq-j^ \a\ M>= < a] m\ Vq^,^ \al m> < al m\ Vq^-^ \a\ m> 

fc=i 

Considering the operator Vqi-isVq, where UK e {f 34, 234, f 24}, the expansion above leads to 



(E.66) 



(E.67) 



< a\ 


M 


^123 


\a\ 


M> 


< al 


M 




\a\ 


M> 


< al 


M 


^123 


\al 


M> 


< "2 


M 


^qijK 


\a\ 


M> 


< a] 


M 


^123 


\al 


M> 


< "3 


M 


^qi.jK 


\a\ 


M> 


< al 


M 


^123 


\a\ 


M> 


< al 


M 


^qijK 


\a\ 


M> 


< al 


M 


^123 


\al 


M> 


< "5 


M 


^qi.jK 


\a\ 


M> 


< al 


M 


^123 


\al 


M> 


< al 


M 


^qijK 


\a\ 


M> 


< al 


M 


^123 


\a\ 


M> 


< a\ 


M 


^qi.jK 


\a\ 


M> 



(E.68) 



We can read off from eqn ljE.60|) < al m\ Vq-^^s \ai m>= with i = 2, 3, 4 and j = f , 5, 6. Consequently, the expansion 
reduces to 



< al m\ \al M> = + 



< al m\ Vq,^^ \al M> < al m\ Vq,,^ \a\ m> 

< al m\ Vq,^.^ \al M> < al m\ Vq,,^ \a\ m> 

< al m\ Vq^^^ \al M> < al m\ Vq^j^. \al m> 

< al m\ Vq^23 \a7 M> < al m\ Vq^,,^ \a\ m> 



(E.69) 



Since < a^ m\ Vqjj^ I"} m>= for UK e {134, 234, 124} as can be seen in eqn (IE.48p . eqn (jE.54|l and eqn (jE.66p . 
the last term in the sum drops out. Furthermore, < al m\ Vq^^^ \a\ m>= 0, whereas < al m\ Vq^^^ \al m>— — < 
al m\ Vq234 \a\ M>. Accordingly, the non-vanishing contributions of the triples {ci, 63, 64} and {ca, 63, 64} cancel each 
other. Hence, we get 

< al m\ Vq,,, (i>,34 + ^,,34) \al M>= (E.70) 
In the case of the operator VquKVq^^^ with UK e {134, 234}, we can expand the matrix elements as 
< alM\Vq^j^Vq^^^ \a\M> = 



< al 


M 




\a\ 


M> 


< 


a\ 


M 


^124 


\a\ 


M> 


< al 


M 


^qi .IK 


\a\ 


M> 


< 


al 


M 


^124 


\al 


M> 


< al 


M 


^qi.jK 


\al 


M> 


< 


al 


M 


^124 


\al 


M> 


< al 


M 


^qi.jK 


\al 


M> 


< 


al 


M 


^124 


\al 


M> 


< al 


M 


^qi.jK 


\al 


M> 


< 


al 


M 


^124 


\al 


M> 


< al 


M 


^qi .IK 


\al 


M> 


< 


al 


M 


^124 


\al 


M> 


< al 


M 


^qi.jK 


\al 


M> 


< 


al 


M 


^124 


\al 


M> 



(E.71) 
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In eqn (|E.66|I is shown < a] a/| I'^i ^i>= with j = 2, 3, 4, 7. Therefore, we can neglect four terms in the sum 
above and get 

< a] m\ Vqjj^Vq^^^ \a\ M> = + <al m\ Vq,,^ \a\ m> < a\ m\ %,^^ \a\ m> 

+ < a] m\ Vq,,^ \al M> < al m\ %^^^ \a\ m> 

+ < a] m\ Vq,,^ \al M> < al m\ %,^^ \a\ m> . (E.72) 

By comparing the results in eqn l|E.48|l with the one in eqn IE. 48(1 . we note that < aj M\Vq-^^^ \aj m >~ — < 
aj m\ Vq^^^ ja] M> whereby i = 2, 3, 4 and j = 1, 5, 6. Accordingly, this yields 



'J124 



la} A/>= 0. 



The expansion in terms of \a\ m> of the operator Vq-^^^Vqj whereby UK e {134, 234} can be found below 



(E.73) 



= + < al M 


^134 


al M> 


< a} m| Vqjj^ 


\a\ 


M> 






+ < al M 


^134 


al M> 


< a\M\Vq,,^ 


\a\ 


M> 






+ < al M 


^134 


al M> 


< alM\Vq,,^ 


\a\ 


M> 






+ < al M 


^134 


al M> 


< a\M\Vq,,^ 


H 


M> 






+ < al M 


^134 


al M> 


< alM\Vqjj^ 


\a\ 


M> 






+ < al M 


^134 


al M> 


< alM\Vq,,^ 


\a\ 


M> 






+ < al M 


^134 


al M> 


< a\M\Vq^,,, 


\a\ 


M> 




(E.74) 


realise that 


< al 


m\ Vq,.,^ \a] M>= - 


< 


al M 


^234 


\a\ M > with 



i = 2, 3, 4 and \aj m> < a\ m\ Vq^j^ |aj m>— Therefore, we have 

< al m\ Vq,,^ (Vq,,, + Vq,,,^ |a} M> = + < a] m\ Vq,,, |a} M> < al m\ (Vq,,, + T>,,3,) \al m> 

+ < a] m\ Vq,,, \al M> < al m\ (Vq,,, + Vq^,^^ |a} m> 

+ < al m\ i> \al M> < al m\ (Vq,,,^ + Vq^,^ \al M> 



(E.75) 

The same argument applies to the operator Vq^^^Vqj whereby UK E {134, 234}, so that its expansion is given by 
< al m\ Vq^,^ (Vq,,, + Vq,,,^ |a} Af> = + < a] m\ |a} m> < al m\ (Vq,,, + Vq^,,^ |a} m> 

+ < al m\ Vq,,, \al M> < al m\ + Vq^,,) \al M> 



+ < al m\ Vq,,, \al M> < al m\ + Vq^,, ) |a} m> . (E.76) 



By using < al m\ Vq^ 



ai M> 



< al m\ Kjj34 |aj M> where i = 2, 3, 4 and j = 1,5,6 which can be easily extracted 



from eqn l|E.48ll and eqn IIE.54p . we obtain 

< al m\ (v„ 



gi34 



"3234 



(^^,434 



Q234 



Q124 



\al A/>= 



(E.77) 



If we add up eqn HE.70I) . eqn HE.73|) and eqn (|E.77|) the occuring operators Vqjjj^Vq-jj^ add up to the operator " . 
Hence, we can conclude 

< al m\ d'^'"' \al A/>= i 2, 3, 4 (E.78) 

Since, the matrix elements of O'l'"^ and 02"'^ ^Iso vanish in the case of a spin label £ — 1, the operator ^E/^ tot('5't) is 
the zero operator as well. 

^II,RS 

E.2 Case <*)E,_,„, (5,): 

Detailed Calculation of the Matrix Elements of Of ^ and O^'"^ 

In this section we discuss the matrix elements < a§ a/| O"'"^ ja? a/> and < m\ (Di/''^^ jaj a/> that contribute to 

^11. RS 

the matrix element of the alternative flux operator '^'-B^, (St)- As discussed in section r6.6.1l from our point of view 

the operator '•'^^Ef^ {St) including the combination VhsSalVrs is highly artificial. Nevertheless, we investigate this 
operator in detail for a spin label £ = 0.5 here. 
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E.2.1 Matrix Elements for the Case of a Spin-i-Representation 



In order to calculate the matrix element of '''-Ej, (St), we have to know the matrix elements < O"'"^ la? m> 

and < a} mIO^''^^ |a°M>. This can be seen in eqn (|6.:^|l . The explicit definition of the operators O"'^^ ^O^'"^^ 
are shown in eqn Ht).38|l . Here, the calculation for O"'"^, Oj^ '^^' differs from the discussion of OJ'"'^, 02'"^ in the last 
section, because now additionally the signum operator S occurs sandwiched between the two volume operators Vrs- 
Since the matrices of the operators Qy'^,jK and their corresbonding eigenvectors and eigenvalues are already given in 
the last section, we will not show them here again, but only refer to the results of the last section. 
The expansion of each operator VquK^^qijn that contributes to O^ "'"^ is given by 

2 

< "2 m\ Vg,,^Vgjj^ \a° M> = ^ < m| |a° m> < a,° m\ S |a° m> < a° m\ \a° m> 

= < m| Vg,j^ \a°2 M> < a°2 m\ S ja? m> < a? m\ Vg^^^ |a? m>, (E.79) 

because V^^g is diagonal in this case. 

The Matrix elements of the signum operator S can be calculated by 

< a° m\ S \a° M> = Y^ < 5 I ek> < 4 [a^" m>^ ^ sgn(A^) < Af | 4> < 4 |a° m>, (E.80) 



whereby denotes the eigenvalue of the operator Q'l~^]^ associated with the eigenvector Cfe. Using the results of 

17=0 



Qrs i.jK "sqn IjE.lOp . we end up with 

< al m\ Vq,,^ |a° M> = <al m\ Vq^,^ |a? m>= UK € {134, 234, 123, 124} 

< alM\S\alM> = +i (E.81) 



Considering the definition of Oj^ ' in eqn H6.38(l and the results above, we obtain 

< al m\ di''"'' \a\ M>= +il8a = +i9a^r, =9 <a°M\ 0{'"*^ ja? a/>=: Ci (£) < a° a/| 6{'"*^ |a° a/> (E.82) 

Here we used a = ^a^L that can be found by comparing the matrix entries of opQ:^^]^ with the one of Q^s f jjf We 
want to express everything in terms of the ^i— paramaters here in order to compare the results of ^'''Ej^ (St) and 
''^EZ^SiSt) directly. 

For the operator 02''^^, we have to consider the case of a total angular momentum J = 1. The expansion of Vqjjj^Vq- ~^ 
in terms of the basis states \al m> of Ti."^^^ is shown below 

< a\ m\ %^,^%.^^ \a\ A/> = ^ < a\ m\ %,^,^ \a] m> < a] m\ S \al m> < al m\ Vq^^^^ \al m> . (E.83) 

In this case the matrix elements of the signum operator S are given by 

< a] m\ S \al M> ^ < a] Af| ^ I ek'> < 4' \al Af>= ^ sgn(A^,) < m\ ek'> < 4' \al m> . (EM) 
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By using the results shown in section [6.51 we obtain 



< a J M 



< aj M 



< ar, M 



< a\ M 



< a\ M 



< Ua m 



a J M> 



< aj M 



E 

fe 

E 

fe 

E 

fe 

E 

fe 

E 

fe 

al M> = ^ < al 
fe 

al M> — ^ < al 

fe 

"5 = E 



a, M> 



Qfi M> = 



al M> 



al M> 



< aj M 



< ao M 



< al M 



< ai M 



M 



M 



< aA M 



efc> < efc 
efe> < Cfe 
ek> < ek 
efc> < gfe 
efc> < Cfc 

e/c> < e/c 
efe> < Sk 

ek> < ek 



M>= 



Qfi A/> = 



a\ M>- 



< a} m\ S \a] M> 



. aAL 

, aAL 
^AL 



A/>= 



a. M>= 



a\ M>= 



ai M>— 



(E.85) 



Here we expUcitly labelled the constants Ual, ^al by AL, because the differ from the constants a, h used in the case of 
Vns- The relation between these two constants is for J = 1 only a factor of 2/3, namely — (f )a and b^L = (|)^- 
This can be easily seen by comparing the matrix entries of Q'i^^L with the one of Q'l^\ Additionally, we labelled 
the eigenvalue A^^ by AL, because Qi^2^L and Q^T^uk have different eigenvalues. 

Starting with the operator Vq,jj^Vq^^^ with UK £ {134,234, 123} and taking into account the vanishing of certain 
matrix elements of S shown in eqn ljE.85|) , we get the following expansion 



< m\ \al M> = + 



< a] 


M 


^qi .IK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


%^.. 


\al 


M> 


< a\ 


M 


^qi.jK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< a] 


M 


^qi.jK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< a\ 


M 


^qi.jK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< al 


M 


^qi.jK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< a] 


M 


^qi.jK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< a] 


M 


^qi.jK 


\4 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 


< a] 


M 


^qijK 


\al 


M> 


< al 


M 


s 


al 


M> 


< al 


M 


^124 


\al 


M> 



(EM) 



From eqn (|E.24|I we can read off < aj m\ Vq-^^^ \al m>= with i = 3, 4, 5. Hence, only the first two terms of the sum 
are not zero 



< al M\Vq,jj,Vq,,^ \alM> 



< a] m\ Vqjji^ \al M> < al m\ S \al m> < 

< a\M\Vq,,^ \alM> < 



al m\ S \al M> < al m\ Vq^^^t \al m> 
al m\ S \al M> < al m\ Vq^^^ \al m> 



(E.87) 
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The matrix elements that are necessary to know in order to calculate the matrix element of Vq^j^Vq-^^i explicitly are 
given below 



k 

<<^UA Ki34 I "3 A^>= < "3 A^l K234 I "3 H < "3 

fc 

< "3 ^^1 K134 l"l ^^>= < "3 m\ v;234 I"1 H < "3 

< m| 14 A/>= <alM\ V;^3^ Af> X! < 

k 

<alM\ y,^3^ Af>= < al m\ V;^3^ |al m> X! < 

A: 

< a3A^lKi23 H^^>^J2 < "3 

< "i A^l K123 l"l *^>= H < "4 

A; 

< "3 K123 l"i *^>= < K123 1"3 *^>= H < "3 



M 



M 



M 



M 



M 



M 



M 



M 



K124 |efe> < ek 
K124 |efc> < 4 
K124 |efe> < 4 
K124 |efe> < 4 

K124 |efe> < 4 
K124 |e/c> < 4 
K124 |efe> < 4 
K124 |efe> < 4 



a\ M> — V2a 



a\ M> = 



0:4 M> = 



M> 



'6V2 



6 



3\/2 VA 



6 + ^|VA 



2a 
26 



al M> = 0. 



(E.88) 



Thus, we obtain 



< a 



3 (^9134 + ^^9234 + ^^9123 ) ^9124 I^J ^■f> 



< a 



VxV2a a 
-il2aAL — ^ i^a-AL-^ — 



4 Af| ^Kj^34 + ^234 ''9123 ] •'9123 l"l 



\/A\/2a ^ 2Va6 
, — h zv2a^i— 



The operator Vq^^^Vqjjj^ where UK E {134,234} can be expanded as 



(E.89) 



< a] M\Vq,^,Vq,,^ \alM> = 



< 


a] 


AI 


^123 


14 


A/> 


< 


al 


M 


s 


al A/> 


< al 


M 




\al 


M> 


< 


a] 


M 


^123 


\a\ 


Af> 


< 


al 


M 


s 


al M> 


< al 


M 




\al 


M> 


< 


a] 


M 


^123 


\a\ 


M> 


< 


a\ 


M 


s 


al A/> 


< "3 


M 




\al 


M> 


< 


«1 


M 


^123 


H 


M> 


< 




M 


s 


al M> 


< "3 


M 




\al 


M> 


< 


a] 


M 


^123 


\a\ 


M> 


< 


al 


M 


s 


al A/> 


< al 


M 




\al 


M> 


< 


a] 


M 


^123 


Wl 


M> 


< 




M 


s 


al M> 


< al 


M 




\al 


M> 


< 


a] 


M 


^123 




M> 


< 


al 


M 


s 


al A/> 


< "5 


M 


^qijK 


\al 


M> 


< 


al 


M 


^123 


014 


M> 


< 




M 


s 


015 M> 


< "5 


M 


^qi.jK 


\al 


M> 



(E.90) 



The results in eqn HE.21I) show < 0:3 a/| Vq^^a \^l m>— < al m\ Vq^^^ \al m>= 0. Moreover, by comparing eqn HE.15|I 
with eqn l)E.18p . we note < aj m\ Vq^^_^ |a} a/>= — < aj m\ Vq^^^ \al m> where i = 3, 4. Consequently, we have 



< alM\Vq,^^ [Vq,^^ 



V, 



9234 



\al A/> = 



< a] m\ Vq^23 |c*3 ^'f> < Q^3 ^'A S \al a/> < al m\ (^Vq^.^^ + Vq2S4^ \al a/> 

< a] m\ Fgj23 \al M> < al m\ S \al M> < al m\ (Vq^^^ + Vq^aA^ \al Ai> 



(E.91) 
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The particular matrix elements that contribute to the expansion above are 

< "3 ^1 Ki23 l"3 ^>= < "3 ^1 Ki23 Wk> < 4 \al M> 

k 

< "4 m\ K,,3 \al M>= <alM\ y,^^3 |4> < 4 \al m> 



< a} m\ V;^3, |a} M>= < a} m| V^.g, |a} m>= < a} m| 1/^3^ |4> < 4 |a} m> 

k 

< al m\ i>,^3^ \al M>= < al m\ V^^^^ \al m>= ^ < m| V^^^^ \ek> < 4 |al m> 



+ 



2a 
2b 

12a^ 



A2 

6V2ab 



^/A 



(E.92) 



Using the results above, we obtain 



< al m\ i/qi,3 (t/g,3^ + yg,3^) |aj M> = -il2a^ 



< m\ 



^9123 (^9134+1^9234) \a\M> = +iV212a^^^ , 



(E.93) 



whereby we used a = (3/2)a^i, and Bal — (2/3)6. Expanding the operator Vq^^^Vq^jj^ where UK e {134, 234} yields 
< a] m\ Vq,,^Vq,j^ \a\ M> = 



+ 


< 


a] 


M 


^134 


0:3 M> < 


Qfg M 


S 


al M> 


< a} M 


^qi.jK 


\al M> 


+ 


< 


a] 


M 


^134 


a4 M> < 


a\ M 


S 


al M> 


< aim 


^qijK 


\al M> 


+ 


< 


a] 


M 


^9134 


a} M> < 


al M 


s 


al M> 


< aim 


^qijK 


\al M> 


+ 


< 


al 


M 


^9134 


a5 M> < 


alM 


s 


al M> 


< aim 


^qijK 


\al M> 


+ 


< 


a] 


M 


^134 


|aj M> < 


al M 


s 


a\ M> 


< Q!4 M 


^qijK 


\al M> 


+ 


< 


a] 


M 


^134 


M> < 


al M 


s 


a\ M> 


< a\M 


^qijK 


\al M> 


+ 


< 


a\ 


M 


^134 


03 M> < 


al M 


s 


al M> 


< Q!5 M 


^qijK 


\al M> 


+ 


< 


<A 


M 


^134 


a4 M> < 


a\ M 


s 


al M> 


< Q!5 M 


^qijK 


\al M> 



(E.94) 



As before by using < aj m\ Vqi^^ \al m>= — < aj m\ Vq^^^ \al m> where i = 3, 4, the expansion reduces to 



al M> — + 
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a] 


M 


^9134 


\al M> 


< al m\ S \al 


M> 


< al 


M 


+ 


< 


a\ 


M 


^9134 


\al M> 


< alM\S\al 


M> 


< al 


M 


+ 


< 


a\ 


M' 


^9134 


\al M> 


< alM\ S \al 


M> 


<al 


M 


+ 


< 


<A 


M 


^134 


\al M> 


< a\M\S \al 


M> 


<al 


M 



(E.95) 



The same is true for Vq23iVqj j^^, thus 



< a 



^134 + ^234 , 



al M> = + 


< 


a] 


M 


^234 


\al M> 


< al M S \al M> < al 


M 


+ 


< 




M 


^234 


\al M> 


< a\M\ S \al M> < al 


M 


+ 


< 


al 


M 


^234 


\al M> 


< ag m| 5 \al m> < al 


M 


+ 


< 


al 


M 


^234 


\al M> 


< a\M\ S \al M> < al 


M 



, ^134 + ^234 



a, M> 



(E.96) 



Inserting the explicit results of the matrix elements of Vq^^^ and ^9334) we get 



< al m\ (t/g,3, + 1/g,3,) (y,,3, + 1/g,3,) joj M> = -il2a^a8 



< a 



Im\ ( 



K,34 +v; 



9234 ) \ ^134 



+ ^^9234) \al M> = +il2V2a^a8 (^y^) ' (E-97) 
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where for the latter matrix element we used a = {3/2)aAL and Bal = (2/3)6. By summing the results in eqn (|E.89(I . 
eqn jR93)l and eqn (|K97|| . we obtain the result of the operator Oj^ "^, because the separated operators Vq, ,j^Vq~ 
exactly add up to 02 '^^ ■ 

< al m\ O'^' "' \a\ M> = -la^L 12^r^ + 12— + 12^^ + 12 • 18 ' 



< al m\ O'^' "' \a\ M> = +tV2aAL 18— — + + 12^^ t—^ + 12-18 — — (E.98) 

\ ■^AL ^AL ■^AL-^ V A^£,A / J 

Since the eigenvalues 

A.. = y|v2«L + bl, and A = ^1^20^ + b^ + 3, (E.99) 

the matrix elements of O!/ "^^ will depend on the spin label j in general. The relation between the matrix elements of 
O^''"^ and O^''-"^ is given by 

< al M\ d'^' "' \a\ Ai> = C3(j, i) < al m\ 3'^'^^^ \a\ m> 

< al m\ \al Ai> = dij, i) < al m\ O^'"*'' |a} m>, (E.lOO) 

whereby 

2 \^ A^i Xal Xal^ \ AalX J J 

In order to see whether this dependence vanishes in the semiclassical regime of the theory, i.e. in the limit of large j, 
we will analyse this limit now. 

E.2.2 Semiclassical Limit of the Matrix Elements of 63" 



First, let us investigate the semiclassical behaviour of the eigenvalues Xal and A. 

Aai, = 
A = 



AL = y|V2aL+^L 

y|x/2a2 + fe2+3 = y|y2aL + 6L + | (E.102) 



whereby we used Ual = (2/3)a and 6^^ = (2/3)6. Hence, semiclassically, we get A ^ Xal- The constants aAL,bAL are 
given by 

O^AL := (^^|aeg)^v/7(j+T) := {ll^Creg)\VWI+W^ (E.103) 

Accordingly, in the semiclassical limit bAL — > 2a^i,. 
Summarsising, in the semiclassical sector of the theory, we have 

A^A^^, 5^^->2^^ XAL^iaAL. (E.104) 

If we express all a, b occuring in C■i{j^ \), Ci{j^ ^) in terms of aAL and 6^^, and afterwards take the semiclassical limit, 
we end up with 

C3(j,i)->C3(i)=9.42 C4(j, i)^C4(i) = (18 + l)(18 + A/2) (E.105) 

It is precisely due to the linearly dependent triples that the akward V2 term appears which certainly lacks any 
combinatorial or geometrical interpretation. 
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